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Abstract

Abstraction re�nementis a key technique for applying
model checking to theveri�cation of real-worlddigital sys-
tems.In previous work, the abstraction granularity is of-
ten limited at the statevariable level, which is too coarse
for verifyingindustrial-scaledesigns.In thispaper, wepro-
posea �ner grain abstraction in which intermediate vari-
ablesare selectivelyinsertedto partition large combina-
tional logic cones into smaller pieces;theseintermediate
variables,together with thestatevariables,are thentreated
as “atoms” in abstraction re�nement.With this �ne-grain
approach, re�nement is conducted in two different direc-
tions, sequential and Boolean. We propose a SAT-based
methodfor predicting theappropriate re�nement direction,
andapplygreedyminimizationin bothdirectionstokeepthe
re�nementsetsmall.Wealsoexploretheuseof approximate
reachablestatesof theremainingsubmodulesto helpverify-
ing theabstract model. Experimental studiesshowthat the
proposedtechniquessigni�cantly improvetheperformance
of abstractionre�nement, andtherefore increasethemodel
checker'sability to handle large designs.

1. Intr oduction

Model checking is a formal methodfor proving that a
model satis�esagiven speci�cationunder all possibleinput
conditions.Themodel of adigital systemmusthavea �nite
number of states;the user-de�ned speci�cation, or prop-
erty, is oftenexpressedin temporal logics.Themajorchal-
lengein applying model checking to large systemsremain
the stateexplosion problem—thenumber of statesof the
model is exponential in the number of its concurrent sub-
components.Becauseof this, state-of-the-artmodelcheck-
erscannotdirectly handle mostindustrial-scaledesigns.
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Abstractionis a key to bridge this capacity gap, espe-
cially for verifying real-world propertiesthat have a cer-
taindegreeof locality. Theideais to useasimpli�ed model
to help verifying the propertyin the original model.Sim-
pli�cation is oftenachieved by pruningirrelevant detailsas
muchaspossible.Abstractionre�n ementis aniterativepro-
cessfor the searchof sucha simpli�ed model—one with
which thegiven propertycanbeeitherprovenor refuted.In
this process,onestartswith a very smallabstractmodel, in
which thegiven property is checked.If theproperty passes,
it is guaranteedto passalso in the original model; in this
case,the model checking problemis solved. However, if
theproperty fails,thecounter-examplesgeneratedin theab-
stractmodelmustbecheckedagainst theoriginalmodel,to
seeif they containreal paths.If real counter-examplesex-
ist, the propertyis refuted.Otherwise,moredetailsof the
systemareadded to re�ne thecurrentabstractmodel, after
whichtheproperty is checkedagain. Thisprocesscontinues
until eithertheproperty is decided,or theavailable comput-
ing resources (CPUtime andmemory) areexhausted.

For agiven pairof model M andproperty Ã, thereexists
a minimumsizeabstractmodel M opt with which theprop-
erty can be decided. (When the property fails, the length
of the shortestcounter-examples in M opt must matchthe
lengthof theshortestcounter-examplesin M .) Thesmaller
thesizeof M opt , thehigher is thedegreeof locality of the
given property. However, �nd ing theoptimalabstractionis
hard,andexisting methods all usevariousheuristics in the
hopeof comingcloseto suchanoptimalabstractmodel. We
de�ne theabstractionef�ciency in the following, asa way
of evaluating the performance of different abstractionre-
�nementmethods:

´ (M ;Á) = 1 −
final abstract model size

concrete model size
:

Eachveri�c ation problem hasa maximum abstractionef-
�cien cy; problemswith higher ´ opt are more suitablefor
abstractionre�nement.Furthermore,how closeto thisopti-
malvalueacertainabstractionre�nement algorithm canget
is agood indicator of how goodthealgorithmis.



In many existingmethods[4, 5,10, 16, 8], themodel size
is given in termsof thenumber statevariables(or latches).
This corresponds to a “coarse-grain”abstractionapproach,
in which eachstatevariableis treatedasan atom—its en-
tire fan-incombinationallogic cone is eitherincludedin or
completelyexcludedfrom theabstractmodel. However, not
every oneof its fan-inlogic gatesmightbenecessaryfor the
veri�c ation,evenif thestatevariable itself is indeedneces-
sary. Including theseredundant gates may signi�cantly in-
creasethe complexity of the abstractmodel. This is espe-
cially true for industrial-scaledesignsthathave hugecom-
binational logic cones—an abstractmodel with few state
variables may contain a large number of logic gates.As a
result,the BDD-basedimageandpre-imagecomputations
in theabstractmodelbecometoo expensive to perform.

In thispaper, weproposea �ne r grainabstractionre�ne-
mentapproach for the veri�cation of safetyproperties. In-
termediatevariablesareselectively insertedin largecombi-
national logic conesto partitiontheminto smallerpieces.In
the abstractionaswell as the successive re�n ementsteps,
theseimmediatevariables, or Boolean networkvariables
(BNVs), aretreatedasstatevariables—bothareconsidered
atoms.By controlling thesizeof thepartitionclusters,one
can �ne -tune the granularity of the abstraction. With the
�ne-grain abstraction,re�nement canbe conductedin two
differentdirections:thesequential direction,in whichmore
statevariables areaddedto thecurrentabstractmodel,and
theBooleandirection,in whichmoreBooleannetwork vari-
ablesareadded. We show thatthecontrol of re�nement di-
rectionsis importantto achieve a betterperformance, and
propose a SAT-basedmethodfor predictingthe appropri-
atedirection.Greedy minimization is alsoappliedin both
directionsto remove thepossibleredundantvariablesfrom
there�nementset.

We alsoexploretheuseof approximatereachablestates
of the remaining submodules (those that are abstracted
away) to help the veri�cation. In previous works, the re-
maining submodules were discarded; to the best of our
knowledge, we arethe�rst to analyze theseremainingsub-
modules in abstractionre�nement.Approximate reachable
statesare used to constrain the behavior of the abstract
model, by disablingcertainvaluationsof its pseudo-primary
inputs.With this approach,abstractionre�nementbecomes
a multi-way circuit partition re�n ementprocess,in which
all partsareconsideredduringveri�cation.

After surveying relatedwork in Section2 andestablish-
ing notationin Section 3, wepresentour �ne -grainabstrac-
tion approach in Section 4. In Section 5, we explain the
SAT-basedmethodfor predictingthe re�nementdirection,
and the application of greedyminimization in both direc-
tions;wealsobrie�y review thealgorithm wehaveadopted
in picking re�nementvariables.Theuseof sequential don' t
caresis illustratedin Section 6, followedby theexperimen-

tal resultsin Section7. We concludein Section8.

2. Relatedwork

Abstractionre�nementwas�rst introducedby Kurshan
[9] in verifying linear time properties. Sincethen, signi�-
cantprogresshasbeenmadeon theconcretizationtestand
the re�nementalgorithms[4, 5, 2, 10, 16, 8]. However, in
thesemethods, the abstractiongranularity remainsat the
statevariablelevel. In [17], Wang etal. proposeto usemin-
cut to further reduce the sizeof the abstractmodel.They
compute a minimum size cut-setof signalsbetween the
free-cutsignalsandthe combinationalinputs,andthenin-
cludeonly logic gatesabove thiscut in thereduced min-cut
model. The transitionrelation may become simpler when
expressedin termsof thesemin-cut signals;however, the
abstractiongranularity is still at the statevariablelevel. In
particular, logicgatesabovethefree-cutarealwaysincluded
in theabstractmodel, even thoughthey sometimesmaynot
be necessaryfor veri�c ation.A similar approachwasalso
proposed by Chauhan et al. in [2], where further reduc-
tion of the abstractmodel is achieved by pre-quantifying
thepseudo-primaryinputsdynamically.

In [7], Glusmanet al. pointedout thatrestricting theab-
stractiongranularityat thestatevariablelevel might betoo
coarse.They computea min-cutsetof signalsbetween the
boundary of the currentabstractmodel and the combina-
tional inputs, andincludelogic gatesabove this cut in the
re�ned model.Sinceanarbitrarysubsetof the fan-incom-
binational logic gates of a statevariable can be added to
the abstraction,the abstractiongranularity is at the gate
level. However, thereare somesigni�cant differencesbe-
tweenour approach and theirs: (1) we treateach elemen-
tary transitionrelation clusteras an abstractionatom and
our goal is to reducethe BDD sizeof the abstracttransi-
tion relation,while they aimedat reducing the number of
cut-setvariables(or pseudoprimary inputs) in the re�ned
model; (2) we usea SAT-basedmethodfor predictingthe
appropriatere�nement direction,while they did not differ-
entiatebetween thesequential andBooleandirectionsdur-
ing the re�nement; (3) in their approach, logic gatescan-
notberemovedoncethey areadded,while in ourapproach,
they mayberemoved from theabstractmodel if later they
areprovento beirrelevantduringthegreedy minimization.

In [11], McMillan andAmla proposedanautomatic ab-
stractiontechnique basedon the unsatis�ability proof of
boundedmodel checking instances.Whenabstractmodels
areconstructed directly from the UNSAT proof, the gran-
ularity can be at the gate level. Its major differencefrom
our approachis that,it is a SAT-basedmethodandis based
on the constructionof an UNSAT subformula, while ours
is basedon BDD computations.Furthermore,the abstrac-
tionsarenot cumulative in their method, andarenot mini-



mizedwith respect to thespuriouscounter-examples to re-
move thepossiblyredundantre�nementvariables.

Theconceptof abstractionef�ciencywas�rst mentioned
in [16] asa performance measurementof re�nementalgo-
rithms. The GRAB algorithm for picking re�nement vari-
ableswasalsoproposedthere;experimentalstudiesshowed
that,guidedby all shortestcounter-examples,GRAB is of-
ten superiorto single counter-example driven algorithms.
In this paper, we also adoptthe algorithm for picking re-
�nement variablesof GRAB. However, the main concern
of this paper is the abstractiongranularity (the granular-
ity of [16] is at the statevariablelevel). We will demon-
stratethat,with the�ne -grainabstractionandtheuseof se-
quential don' t cares,our methodsigni�cnatly outperforms
GRAB. With the�ne-grain approach,abstractionef�cien cy
can be de� ned in termsof the number of transitionrela-
tion clusters(e.g.,latches andBNVs), or even the number
of logic gates.

3. Prelimaries

In symbolicmodel checking, both transitiongraphs and
setsof statesarerepresentedsymbolicallyby Booleanfunc-
tions. Let x = {x1; :::; xm } be the present-statevari-
ables,y = {y1; :::; ym } be the next-statevariables, and
w = {w1; :::; wn } betheprimary inputs;themodel is rep-
resentedsymbolically by M = 〈T(x; w; y); I (x)〉, where
T(x; w; y) is the transitionrelation,andI (x) is the setof
initial states.Thetransitionrelationis theconjunctionof all
thetransitionbit-relations, eachof which is associatedwith
abinarystatevariable. Let J = {1; :::; m}, then

T(x; w; y) =
∧

j ∈J

Tj (x; w; yj ) :

Here,Tj (x; w; yj ) = yj ↔ ∆j (x; w) is thebit-relationof
thej th binarystatevariable,and∆j (x; w) is thetransition
functionin termsof thepresent-statevariablesandinputs.

In conventional, or coarse-grain,abstractionmethods,
the transitionbit-relationsof statevariables are treatedas
atoms—abit-relation is either included in or completely
excluded from the abstractmodel, dependingon whether
thecorresponding statevariable is includedor not. Let the
abstractmodel contain a subsetof state variables Ĵ =
{1; :::; k} ⊆ J , and let x̂ ⊆ x and ŷ ⊆ y be the sub-
setsof present-andnext-statevariables,respectively. The
coarse-grainabstractmodel is representedby M a = 〈T̂ ; Î 〉.
Theabstracttransitionrelationis de�nedasfollows:

T̂(x; w; ŷ) =
∧

j ∈Ĵ

Tj ({x̂; x̆}; w; yj ) ;

wherex̂ is thesetof visiblestatevariables, andx̆ = x \ x̂
is thesetof theinvisiblestatevariables. Thetransitionbit-
relationsof invisiblevariablesarereplacedwith tautologies;

abstractionRefine(M ; Ã) f
M a = initAbstraction(M ; Ã)
while (1) f

AC E s = computeAbstractCEx(M a ; Ã)
if (AC E s is empty)

return TRUE
CCE = computeConcreteCEx(M ; Gp; AC E s)
if (CCE notempty)

return (FALSE, CCE )
M a = refineAbstraction(M ; M a ; AC E s)

g
g

Figure 1. Generic abstraction refinement.

therefore,invisible variables areconsideredasinputsin the
abstractionmodel(or pseudo-primaryinputs). Theabstract
initial statesÎ (x̂) are the projection of I (x)—an abstract
stateis initial if andonly if thereis aconcreteoneinsideit.

Since more transitionsare allowed by T̂ , an abstract
model is anover-approximationof theconcretemodel; this
naturally implies the simulationrelationM ¹ M a . Pass-
ing universalproperties,suchasthe invariant propertyGp,
arepreserved: If M a |= Ã, it is alsotruethatM |= Ã; how-
ever, if M a 6|= Ã, theproperty maynot hold in M —that is,
theremaybefalsenegatives.

Thegenericabstractionre�nementframework for check-
ing universal propertieswith over-approximated abstrac-
tions is given in Fig. 1. It startswith a primitive abstract
model, which containsonly thevariablesmentioned in the
given property. Theproperty is thencheckedin theabstract
model, with the model checker. If M a |= Ã, the prop-
erty hasbeenproven for theconcretemodelaswell. Other-
wise,anon-emptysetof abstractcounter-examples(ACEs)
are generated. Thesecounter-examples are then checked
against theconcretemodel,to seeif they contain realpaths.
If a concretecounter-example(CCE)exists, theproperty is
refuted.Otherwise,someinvisible variables andtheir cor-
responding transitionbit-relationsareadded to re�ne M a .

Counter-examples to the propertyGp (i.e., the proposi-
tional formulap is alwaystrue)arepathsfrom initial states
to the stateslabeled ¬p. All the counter-examples of the
shortestlength can be captured by a datastructurecalled
the Synchronous Onion Rings (SORs):With breadth-�rst
searchstartingfrom theinitial states,thesetsof new states
encounteredin the BFS stepsform the forward reachable
onion rings. As soonas some¬p statesare reached, the
backwardbreadth-�rst searchfrom these“bad states”gives
thebackwardreachableonionrings.Thepair-wiseintersec-
tion of the forward and backward onion rings forms the
SORs.Let {S0; S1; :::; SL } be the SORs,and s0s1:::sL

be an arbitrary shortestcounter-example; then, si ∈ Si ,
S0 ⊆ I , andSL ⊆ ¬p .

A Boolean satis�ability (SAT) solver can be used to
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Figure 2. Example of fine-grain abstraction.

check whether the ACEsare real or not (i.e., if they pass
theconcretizationtest). TheSAT problem is formulatedas
Ψ = ΨM ∧ ΨS , de� nedasfollows:

ΨM = I (X 0) ∧
∧

0≤l <L T(X l ; W l ; X l+1)

ΨS =
∧

0≤l≤L Sl (X l ) ;

whereΨM representsthe unrolling of the concretemodel
for L time frames,ΨS representsthe constraintscoming
from theabstractSORs,X l andW l arethestateandinput
variablesat the l th time frame,andSl (X l ) is theCNF en-
coding thel th ring.Realcounter-examplesof lengthL exist
if andonly if theBooleanformulaΨ is satis�able,in which
casethesatis�ableassignmentsinducea concretecounter-
example.

The selectionof re�nement variables canbe guidedby
the analysis of spuriouscounter-examples.The algorithm
adoptedin this paper for picking goodre�nementvariables
is theGRAB algorithmof [16]. We will brie�y explain it in
Section5.2.However, our re�nement mustbeconductedin
boththesequential andtheBooleandirections.Beforedelv-
ing into thedetailsof re�nement,we present our �ne -grain
abstractionapproachin Section4.

4. Fine-grain abstraction

Our �ne-grain abstractionconsidersnot only the state
variables,but alsotheBooleannetwork variables.Boolean
network variablesaretheintermediate variablesselectively
insertedin the combinational logic cones of latches;they
areusedto partitionlargecombinationallogic conessothat
a compact BDD representationof their transitionrelations
canbeachieved.Onceinserted,each Boolean network vari-
able is associatedwith a small areaof the combinational
circuit; similarly to the statevariables, thereis an elemen-
tary transitionrelationfor each Boolean network variable.
The transitionrelationof the entiresystemis the conjunc-
tion of all theseelementarytransitionrelations.Thefollow-
ing exampleshows how �ne-grain abstractionworks.

In Fig. 2, thereare10 gatesin the fan-incombinational
logic cones of the two latches; y1 and y2 are the next-
statevariables,andx1; :::; x5 arethepresent-statevariables,

among which, x1; x2 correspond to y1; y2. Let ∆y1
be the

output functionof Gate9 in termsof thepresent-statevari-
ablesandinputsonly; similarly, let ∆y2

betheoutput func-
tion of Gate10. ∆y1

and ∆y2
are also called the transi-

tion functionsof Latch1 andLatch2, respectively. Accord-
ing to the de� nition in the previous section,the transition
bit-relationof Latch1 is de� nedasfollows:

T1 = y1 ↔ ∆y1
(x1; x2; x3; x4) :

Booleannetwork variables canbe insertedin the fan-in
combinationalconesto partition theminto smallerpieces.
To illustrate this, we insert 4 intermediate variables,
t1; t2; t3, andt4, into thispieceof circuit. Weuse±v to rep-
resentthe output function of the signal v, but in termsof
both present-statevariables and Boolean network vari-
ables.Thesenew functions and their corresponding �ner
grain elementary transition relations are de� ned as fol-
lows:

±t 1 = x1 ⊕ x2 Tt 1 = t1 ↔ ±t 1
±t 2 = ¬(x2 ∧ x3) ⊕ t1 Tt 2 = t2 ↔ ±t 2
±t 3 = ¬(x3 ∨ x5) ∧ x4 Tt 3 = t3 ↔ ±t 3
±t 4 = x2 ⊕ t3 Tt 4 = t4 ↔ ±t 4
±y1

= ¬(x1 ∧ t2) ∨ ¬(x4 ∧ t1) Ty1
= y1 ↔ ±y1

±y2
= ¬(x4 ∧ t1) ∧ t4 Ty2

= y2 ↔ ±y2

Note that y1 is now associatedwith the elementary transi-
tion relation±y1

only. Thetransitionbit-relationof Latch1
is aconjunctionof threeelementary transitionrelationclus-
ters

T1 = Ty1
∧ Tt 1 ∧ Tt 2 :

In coarse-grainabstractionmethods where only state
variablesaretreatedasatoms,whenLatch1 is included in
theabstractmodel,all thesix fan-ingates(Gates1, 2, 4, 5,
7, and9) arealsoincluded; that is, T̂ = Ty1

∧ Tt 1 ∧ Tt 2 .
However, notall thesegatesmightbenecessaryfor thever-
i�cation of thegivenproperty, even if Latch1 is indeednec-
essary. In our �ne-grain abstraction,Boolean network vari-
ables,as well as the latches,are treatedas atoms.When
Latch 1 is in the abstraction, only thosegatescoveredby
the elementary transitionrelationclusterTy1

areincluded;
this is indicated in the�gu re by thecut Á1, which contains
Gates5, 7, and9. In successive re�nements,only theclus-
tersthatarerelevant to theveri�c ationareadded.In thenext
section,we presentan algorithm that can identify which
clustersshouldbe included. Meanwhile, let usassumethat
the currentabstractmodel containsonly Latch 1 (e.g., in-
cludes Gates5, 7, and9), andthe propertyfails in the ab-
stractmodel.At this point, we may add the Boolean net-
work variable t1 asindicated by thenew cut Á2 in the �g-
ure; this means T̂ = Ty1

∧ Tt 1 . Note that this time theab-
stractmodel containsLatch1 andGates2, 5, 7, and9. Con-
tinuingthisprocess,wemaykeep adding y2; t4; : : : until we
geta proofor refutation.



It is possiblein our �ne -grain approach that gatescov-
eredby thetransitionclusterTt 2 (i.e.,Gates1 and4) never
appear in the abstractmodel—if they are indeed irrele-
vant to the veri�c ation of the given property. This demon-
stratestheadvantageof �ne -grainabstraction.In acouple of
real-world circuits,we have observed thatover 90%of the
gates in somelargefan-inconesareindeedredundant,even
though thecorresponding latchesarenecessaryfor veri�ca-
tion of thegiven property.

Thegranularity of abstractiondependson thesizeof the
transition relation clusters,as well as the algorithm used
to performthepartition.In our currentimplementation,the
frontier [14] method isusedtoselectively inserttheBoolean
network variables.The procedureworks as follows: First,
theelementary transitionfunction of eachgateis computed
from thecombinational inputsto thecombinationaloutputs,
in sometopologicalorder. If theBDD sizeof anelementary
transitionfunctionexceedsagiven threshold,aBooleannet-
work variableis insertedto associatewith thatgate.For all
thegates in thefan-outsof thatgate,their elementary tran-
sition functions arecomputedin termsof thenew Boolean
network variable.

Whenthe partition thresholdis setto 1, a Boolean net-
work variablewill be insertedfor every logic gate; in this
extremecase,theoptimalabstraction, among all thepossi-
ble �nal proofs,is theonethatcontainsthesmallestnumber
of gates.In otherwords,abstractionre�n ementbecomesa
processof synthesizingsuchanoptimalabstractmodel.

5. Smart re�n ement

Re� nement is to selecta small setof invisible variables
and then add their elementary transitionrelationsback to
T̂ . To achieve higher abstractionef�cie ncy, we wantto add
a small subsetof invisible variables suchthat after re�ne-
ment, the chance of removing the spuriousACEs is max-
imized. This boils down to threequestions:(1) what type
of variablesto add?(2) how to identify the important vari-
ables?and(3) how to remove the possibleredundant vari-
ablesfrom the re�nement set?For picking the important
variables,we usetheGRAB algorithmin [16], andwill ex-
plain it brie�y in Section 5.2.Theothertwo questions,how-
ever, areunique to our �ne -grainabstractionapproach.

5.1. Refinement directions

With the �ne-grain abstraction, re�nementcanbe con-
ducted in two differentdirections. In the sequential direc-
tion, more invisible statevariablescan be added; in the
Boolean direction, more Boolean network variables (e.g.
logic gates)can be added. Adding Boolean network vari-
ablesmayremovethetransitionsallowed by thecurrent ab-

stractmodel; adding statevariables,however, will alsoin-
creasethestatespace.

According to our experience,if no distinction is made
between thesetwo typesof variables,there�nement result
canbe quite sub-optimal—many redundantstatevariables
maybeadded duringthere�nement process.This suggests
that we needa methodto predictwhich re�nement direc-
tion to go at a certaintime.A satis�ability check similar to
theconcretizationtestcanbeusedto getthere�nementdi-
rection.The idea is that, if addingthe entire fan-in cones
of thecurrentvisiblestatevariablescannot remove thespu-
riousACEs,moreinvisible statevariablesareneeded—we
shouldre�ne in the sequential direction;otherwise,we re-
�ne in theBoolean direction.

Given a �ne -grain abstractmodel,its extendedabstract
model is de�ned astheonewith thesamesetof visiblestate
variables,but containing all thegatesin their fan-incones.
Refer to Fig. 2 as an example: when the currentabstract
model containsLatch1 andGates5, 7, and9, theextended
abstractmodelcontainsLatch1, andGates1, 2, 4, 5, 7, and
9. Let T̂² bethe transitionrelationof theextendedabstract
model, theSAT formulafor predictingthere�nement direc-
tion is de� nedasΨ′ = Ψ′

M ∧ ΨS , where

Ψ′
M = I 0(X 0) ∧

∧

0≤i<L

T̂² (X i ; W i ; X i +1)

is the unrolling of the extendedabstract model for exactly
L time frames,and ΨS is the constraint from the SORs.
If Ψ′ is unsatis�able,we chooseto re�ne in the Boolean
direction. Otherwise,even adding all the logic gates in
the Boolean directioncannot kill all the spuriouscounter-
examples;therefore,we needto re�ne in thesequential di-
rectionby adding morestatevariables.

5.2. Refinement variable selection

For picking good re�nementvariables,weusetheGRAB

algorithmin [16], which is explainedwith the example in
Fig. 3 asfollows.Let f andg betheinvisible variablesap-
pearingin onesegment of the spuriousabstractSORs;ac-
cordingto the �gu re: (1) Beforere�nement, every statein
Si hassuccessorsin thenext ring—thisis becauseinvisible
variables are treatedas inputs and are existentially quan-
ti�ed during symbolictraversal.Therefore, we canalways
reachthe next ring from every statein Si . (2) After f is
added to theabstractmodel, only threeout of thefour new
stateshave successorsin the next ring—State[2;¬f ] now
becomesadead-endstate.Notethatf becomesastatevari-
ableafterre�nement.(3) After g is addedinsteadof f , only
two out of the four new stateshave successorsin the next
ring—both[1;¬g] and[2; g] becomedead-endstates.

Fromtheabove analysis,we draw thefollowing conclu-
sions: (1) g is a better candidate for re�nement; and (2)
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Figure 3. Analysis of refinement variables.

even if we re�ne both f and g, the spuriouscounter ex-
amplesmaystill exist—{f ; g} is notasuf�cien t re�nement
set,andwe needto addmoreinvisible variables.Thequan-
titive measurementof thechanceof reaching thenext level
afterre�ning f is computedasfollows(cf. [16]):

N {f } = |S j (x̂ )∧∃(x̌;w ):∀f :∃ŷ :[T̂ (x̌; x̂;w ;ŷ)∧S j +1(ŷ)]|

|S j (x̂ )|
;

where|:| is thecardinality of aset.For moredetailedexpla-
nation,thereadersarereferredto theoriginal paper.

5.3. Refinement minimization

Once the entirespuriousSORsaregone, all the newly
added variables forms a suf�cien t re�nement set—thatis,
they aresuf�cient for removing all thecurrentlength spuri-
ousACEs.This re�nementset,however, maynot bemini-
mal.SAT-basedgreedyminimizationwith respective to the
entireSORscanbeusedto remove thepossibleredundant
variables[17, 2]. Thegreedyminimizationis basedontrial-
and-error: for eachvariablein thenew re�nement variable
list, if droppingit does not make the spuriouscounter ex-
amplescomeback,weknow it is redundant;otherwise,it is
necessary. In ourapproach,however, theminimizationmust
beappliedin bothre�nementdirections.

For theACEswith a certainlength, we chooseto re�n e
�rst in thesequential direction.As soonasasuf�cient setof
latchesareadded,we minimizeit with respectto theentire
bundle of ACEs,beforeshifting to the Boolean direction.
Every timealatchis removed,all theBooleannetwork vari-
ablesthatareusedonly by this latcharealsopruned away.
Notethatalthoughwehaveaddedasuf�cient setof latches,
theACEsmaynotbekilled entirelyatthispoint.After shift-
ing to theBooleandirection,we keepaddingBooleannet-
work variablesonly until theentireSORsis removed;atthis
point,wegreedily minimizethesetof newly added Boolean
network variables.

6. Sequential don't cares

Previouswork in abstractionre�nementdividedtheorig-
inal systeminto two parts:asetof visiblevariablesandaset
of invisible variables.Model checking was applied to the
abstractmodelthatcontains only theelementary transition
relationsof visible variables.Theelementary transitionre-
lationsof invisible variables,on theotherhand, werecom-
pletely ignored.Because the transitionconstraintsare re-
moved,theinvisiblevariablesaretreatedaspseudo-primary
inputsin model checking—they cantakearbitraryvaluesat
all times.Thesepseudo-primaryinputsarethe reasonwhy
the abstractcounter-examples may be spurious:The valu-
ationsof thesevariables that areresponsiblefor triggering
thesecounter-examplesmaynot beallowedin theconcrete
system.In this section,we show that with additional anal-
ysisof theinvisible partof thesystem,we canfurthercon-
straintheinvisible variables.

Ã
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Figure 4. DCs from remaining submodules.

As illustratedin Fig. 4, we decomposetheinvisible part
of the systeminto a seriesof submodules,each of which
contains a subsetof the invisible latches.The decomposi-
tion is basedonthemachinedecompositionalgorithmorig-
inally proposedby Cho et al. [3] in the context of reach-
ability analysis andimproved in [12]. Approximatereach-
ablestatesof theinvisible partcanbecomputedby analyz-
ing each submodule in turn, assumingthat the other sub-
modulesarein any statesthathave alreadybeen estimated
to bereachable.Theprocessis iterateduntil a least�xp oint
is reached.

The setof approximatereachablestatesof the invisible
partis anupper bound onthesetof exactreachablestates.It
canbeusedto constrainthebehaviors of theinvisible vari-
ables,or pseudo-primary inputs,of the abstractmodel. If
certainvaluationsof the invisible variablesarenot even in
thesetof approximatereachablestates,they cannever ap-
pearin the original system.During the reachability analy-
sis of the abstractmodel,thesepseudo-primary input con-
ditionscanbedisabled.



In our currentimplementation,themachine decomposi-
tion is applied ontheentiresystem,followed by theLMBM
traversalof thesubmachines[12]. Theapproximatereach-
ablestatesarecomputedonly onceat the beginning; they
arethenusedin abstractionre�nementto constrainthefor-
ward reachability analysisof the abstractmodelsat differ-
entabstractionlevels. Speci�cally , theBDD operationcon-
strain [6] is usedto remove spurioustransitionsfrom T̂ us-
ing the approximatereachablestatesasthe care set. Con-
straintson the behavior of the abstractmodel due to the
neighboring submachines prevent somespuriousabstract
counter-examples from occurring, possibly leading to the
decisionof aproperty earlierin there�nement cycle.

A more systematicintegration of machine decomposi-
tion and approximatereachability into the abstractionre-
�nement paradigm is possible.The result is a multi-way
partitionre�nement process.Partitioningof themodel into
submachinescanbedonesothattheabstractmodelisoneof
themany submachines.Re� nement is consideredasmerg-
ing the abstractmodel with someother submachines.We
leave this for thefuturework.

7. Experiments

We have implemented our new methods in VIS-2.0 [1,
15], and compared it with the GRAB algorithm in [16].
Our implementationusestheCUDD packagefor theBDD-
basedcomputation,andChaff [13] for theSAT-basedcom-
putation. The comparison is basedon the samesetof test
casesusedin [16], which arereal-world hardware designs
with invariantproperties,kindly providedby theauthors of
[2]. In our implementation,the frontier partition threshold
wassetto 1000: every time theBDD sizeof the transition
function went beyond this threshold,a Boolean network
variable was inserted.The latch groupsize for computing
theapproximatereachablestateswith LMBM wassetto 8.
Dynamic variable reorderingwasenabledwith method sift
for all BDD operations.Theexperimentsweredone on 1.7
GHz Intel Pentium4 machineswith 2 GB of RAM. We set
a time limit of 8 CPU hours.The experimentalresultsare
shown in Table1.

The�rst four columnsof Table1 givethestatisticsof the
testcases:the�rst columnshows thenamesof thedesigns;
the secondand third columnsshows the numbers of reg-
istersandgatesin the cone of in�u ence,respectively. The
forth column indicateswhether the propertiesare true (T)
or false(F). When the propertiesare false,the lengths of
theshortestcounter-examplesaregiven. The following six
columns comparetheperformanceof threedifferentmeth-
ods:GRAB is thealgorithmin [16], FINEGRAIN is our �ne-
grainabstractionmethod, and+ARDC is our �ne-grain ab-
stractionmethod augmentedwith theuseof sequential don' t
cares.For eachmethod, the CPU time in seconds andthe

TestCases GRAB [16] FINEGRAIN +ARDC
name regs gates T/F CPU regs CPU reg CPU regs
D24-p1 147 8 k 9 1 4 1 4 1 4
D24-p2 147 8 k T 3 8 3 8 3 8
D24-p3 147 2 k T 20 8 4 6 2 5
D24-p4 147 8 k T 43 8 4 6 2 5
D24-p5 147 8 k T 3 5 4 6 2 5
D12-p1 48 2 k 16 14 23 24 23 19 24
D23-p1 85 3 k 5 20 21 3 21 14 21
D5-p1 319 25 k 31 31 18 42 13 32 13
D1-p1 101 5 k 9 9 21 12 20 14 20
D1-p2 101 5 k 13 51 23 27 23 29 23
D1-p3 101 5 k 15 56 25 32 23 33 23
D16-p1 531 34 k 8 92 14 25 14 21 14
D2-p1 94 18 k 14 180 48 108 49 59 48
M0-p1 221 29 k T 136 16 204 13 942 13
rcu-p1 2453 38 k T 195 10 188 10 216 10
B-p0 124 2 k T 1256 24 1507 24 1484 24
B-p1 124 2 k T 173 18 189 19 159 18
B-p2 124 2 k 17 93 7 95 7 90 7
B-p3 124 2 k T 223 43 76 43 62 43
B-p4 124 2 k T 393 42 101 43 108 42
D22-p1 140 7 k 10 720 132 242 132 191 132
D4-p2 230 8 k T 1103 38 204 38 195 38
D21-p1 92 14 k 26 2817 66 2725 70 622 67
D21-p2 92 14 k 28 4635 70 1748 75 868 67
IU-p1 4494 154k T > 8 h - 2226 12 2263 12
IU-p2 4494 154k T > 8 h - 930 14 699 12

Table 1. Comparison of the three algorithms.

number of registersin the �na l abstractmodelareshown.
Notethat,for thepurposeof controlledexperiments,theun-
derlying algorithm for picking re�nement variablesis the
samefor thethreemethods.

Our �ne -grain abstractionapproachshows a signi�cant
performance improvement over GRAB. First, it �nishes the
two largest test casesthat cannot be veri�ed by GRAB.
Careful analysisof IU-p1 and IU-p2, two problems from
the instructionunit of the PicoJava microprocessor, shows
thatsomeof theirregistershaveextremely largefan-incom-
binational logic cones. Without the �ne -grain abstraction,
abstractmodels with lessthan10 registerswill betoo com-
plex to bedealtwith by themodel checker. Furthermore, for
the testcasesthat both methods managedto �nish, FINE-
GRAIN is signi�cantly fasterthanGRAB. In fact, the total
CPUtime to �nish theseremaining24 testcasesis 12,207
secondsfor GRAB, and7,562secondsfor FINEGRAIN.

With theuseof sequential don' t cares(DCs),theperfor-
mance of our method is further improved. For more than
half of the 26 test cases,+ARDC is signi�cantly faster
thanboth FINEGRAIN andGRAB; for the remainingones,
theperformance is comparable.The total CPUtime to �n-
ish all the26 testcasesis 10,724 seconds for FINEGRAIN,
and8,130seconds for +ARDC; this is anaverageof 25%
speed-up.



8. Conclusion

We have introduced a �ne r grainabstractionre�nement
approach for model checking industrial-scaledigital sys-
tems. Boolean network variables are selectively inserted
to partition large combinational logic cones into smaller
pieces.TheseBooleannetwork variables, together with the
statevariables, are treatedasatomsfor abstractionre�ne-
ment.With this �ne-grain approach,re�nementcanbecon-
ducted in two differentdirections,sequential andBoolean.
We have proposeda SAT-basedmethod for computing the
appropriate direction,and have appliedgreedy minimiza-
tion in bothdirectionsto keepthere�nement setsmall.Ex-
perimental resultshave shown that our �ne -grain abstrac-
tion andsmartre�nement is a must for dealingwith large
designs.In particular, the two large testcasescanonly be
veri�e d with �ne-grain abstractionenabled.

We have alsoexploredtheuseof approximatereachable
statesof theremaining submodulesto helpverifying theab-
stractmodel.This,in general,correspondstomulti-wayma-
chinedecomposition.Accordingto our experimentalstud-
ies, the useof DCs hasimproved the performance of ab-
stractionre�nementsigni�cantly.

Futurework includesexploring themany differentmeth-
odsfor insertingBoolean network variablesinto the com-
binational logic cones, which is currently limited to the
frontier method. Machine decompositionandapproximate
reachability analysisof theremainingsubmodulescanalso
be integrated more tightly into the abstractionre�nement
process. In particular, the reachable statesof the abstract
model canbefed back to theremaining submodulesto im-
prove the quality of the ARDCs. With this approach, ab-
stractionre�nementbecomesa specialcaseof themachine
decompositionandapproximatestatespacetraversal.
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