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Abstract

Abstiaction re nementis a key technique for applying
modé cheding to theveri cation of real-world digital sys-
tems.In previous work, the abstraction granularity is of-
ten limited at the statevariable levd, which is too coarse
for verifyingindustrial-scaledesignsin this paper, we pro-
posea ner grain abstraction in which intermedate vari-
ablesare selectivelyinsertedto partition large combna-
tional logic coresinto smaller pieces;theseintermedate
variables togethe with the statevariables,are thentreated
as“atoms” in abstraction re nement.With this ne-grain
apptoach, re nement is condictedin two different direc-
tions, sequatial and Bodean. We propcse a SAI-based
methodfor predcting the appropriate re nement direction,
andapplygreed minimizationin bothdirectionsto keepthe
re nementsetsmall.We alsoexplore theuseof approximate
reatablestatesftheremainingsubmalulesto helpverify-
ing the abstract mode. Experimetal studiesshowthat the
proposedtedchniquessigni cantly improvethe performaice
of abstractionre nement, andtherefore increasethe model
checker's ability to hardle large designs.

1. Intr oduction

Modd cheding is a formal methodfor proving that a
modé satis esagiven speci cationunde all possibleinput
condtions. Themodd of adigital systemmusthave a nite
numker of states;the userde ned speci cation, or prop-
erty, is oftenexpressedn tempaal logics. The major chd-
lengein applying modé checking to large systemsemain
the state explosion problem—thenumbe of statesof the
modd is exponentialin the numbe of its concurent sub-
commnerts. Becawseof this, state-of-the-artnodelched-
erscamotdirectly hande mostindustrial-scaledesigns.
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Abstractionis a key to bridge this capaity gap, espe-
cially for verifying real-world propertiesthat have a cer
taindegreeof locdity. Theideais to usea simpli ed model
to help verifying the propertyin the original model. Sim-
pli cation is oftenactieved by pruningirrelevant detailsas
muchaspossible Abstractionre n ements aniterative pro-
cessfor the searchof sucha simpli ed model—ore with
whichthe given propertycanbeeitherprovenor refuted.In
this processpnestartswith a very smallabstracimockel, in
which thegiven propety is checled.If the propety passes,
it is guarameedto passalsoin the original modé; in this
case,the model cheking problemis solved. However, if
thepropaty fails,thecounterexanmplesgeneatedin theab-
stractmodelmustbe checked against the original model,to
seeif they containreal paths.If real counterexanplesex-
ist, the propertyis refuted.Otherwise,more detailsof the
systemareaddael to re ne the currentabstracimodd, after
whichthepropety is chekedaggin. Thisprocesscortinues
until eitherthe propety is deciced,or theavailable compu-
ing resource (CPUtime andmemay) areexhausted.

For agiven pairof modé M andpropety A, thereexists
aminimumsizeabstracimodel Mo with which the prop-
erty can be dedded. (Whenthe propety fails, the length
of the shortestcounterexanplesin Mo, mustmatchthe
lengthof theshortestourterexamgdesin M .) Thesmaller
the sizeof Moy, the highe is the degree of locality of the
given property However, nd ing the optimalabstractioris
hard,andexisting method all usevarious heuisticsin the
hopeof comingcloseto suchanoptimalabstractmodd. We
de ne the abstiaction ef ciency in the following, asa way
of evaluating the performarce of different abstractionre-

nementmethod:

. 1 final abstract model size
MA) =1 —

concrete model size

Eachveri c ation prodem hasa maximun abstractionef-
ciency; problemswith highe "4, are more suitablefor
abstractiorre nement.Furthermorehow closeto this opti-
malvaluea certainabstractiome nement algarithm canget
is agoad indicata of how goodthealgorithmis.



In mary existingmethod[4, 5, 10, 16, 8], themodé size
is given in termsof the numter statevariables(or latches).
This correspodsto a “coarse-grain"abstractiorapgoach,
in which eachstatevariableis treatedasan atom—its en-
tire fan-incombimationallogic core is eitherincludedin or
comgetely excludedfrom theabstractodd. However, not
every oneof its fan-inlogic gatesmightbenecessaryfor the
veri c ation,evenif the statevarialde itself is indeedneces-
sary Including theseredundnt gates may signi cantly in-
creasethe complexity of the abstractmockl. This is espe-
cially truefor industrial-scalelesignshathave hugecom-
binatioral logic cones—a abstractmodel with few state
variadles may contan a large number of logic gates.As a
result,the BDD-basedimageand pre-imagecompuations
in theabstracmodelbecanetoo expensive to perform.

In this paper, we proposea ner grainabstractiornre ne-
mentapproah for the veri cation of safetypropeties. In-
termediatesariadesareselectvely insertedn largecomb-
nationd logic coresto partitiontheminto smallerpieces. In
the abstractionas well asthe successie re nementsteps,
theseimmediatevariables, or Bodean network variables
(BNVs) aretreatedasstatevariables—bothareconsiderd
atoms.By controlling the size of the partition clusters,one
can ne-tune the grandarity of the abstraction With the

ne-grain abstractionye nementcanbe conductedin two

differentdirections:thesequatial direction,in whichmore
statevariables areaddedto the currentabstracimodel,and
theBooleandirection,in whichmoreBooleannetwork vari-
ablesareadded We shaw thatthe cortrol of re nement di-
rectionsis importantto achiese a betterperformare, and
propcse a SAT-basedmethodfor predictingthe appragori-
atedirection. Greedy minimizationis alsoappliedin both
directionsto remove the possibleredurdantvariablesfrom
there nementset.

We alsoexplore the useof appoximatereachablestates
of the remaining submodiles (those that are abstractd
away) to help the veri cation. In previous works, the re-
maining submodiles were discardé; to the best of our
knowledge we arethe rst to analyz theseremainingsub-
moduesin abstractiorre nement. Approximae reactable
statesare usedto corstrain the belavior of the abstract
modd, by disablingcertainvaluationsof its pseudeprimary
inputs.With this appro@h, abstractiorre nementbecanes
a multi-way circuit partition re nementprocessjn which
all partsareconsideredluringveri cation.

After suneying relatedwork in Section2 andestablish-
ing notationin Sedion 3, we presenbur ne -grainabstrac-
tion appoachin Sedion 4. In Sedion 5, we explain the
SAT-basedmethodfor predictingthe re nementdirection,
andthe applicaion of greedyminimizationin both direc-
tions;we alsobrie y review thealgarithm we have adgted
in picking re nementvarialdes. Theuseof sequatial dori't
caress illustratedin Sedion 6, followedby the experimen-

tal resultsin Section7. We condudein Section8.

2. Relatedwork

Abstractionre nementwas rst introdueed by Kurshan
[9] in verifying linear time propeties. Sincethen signi -
cantprogresshasheenmadeon the corcretizationtestand
there nementalgorithms[4, 5, 2, 10, 16, 8]. However, in
thesemethals, the abstractiongranulaity remainsat the
statevariablelevel. In [17], Warg etal. propcseto usemin-
cut to further redue the size of the abstractmodel. They
complte a minimum size cut-setof signalsbetwea the
free-cutsignalsandthe combnationalinputs,andthenin-
cludeonly logic gatesabove this cutin thereduce min-cut
mode. The transitionrelation may becane simpler when
expressedn termsof thesemin-cut signals;however, the
abstractiorgranulaity is still at the statevariablelevel. In
particularlogic gatesaborethefree-cutarealwaysincluded
in theabstracmodd, even thoughthey sometimesnaynot
be necessaryor veri c ation. A similar appoachwasalso
propsed by Chauhanet al. in [2], where further reduc-
tion of the abstractmocel is achieved by pre-quartifying
the pseud-primaryinputs dynamically.

In [7], Glusmaretal. pointedout thatrestricting the ab-
stractiongranularityat the statevariablelevel might betoo
coarse.They conputea min-cutsetof signalsbetwea the
bourdary of the currentabstractmodel and the comkina-
tional inputs, andinclude logic gatesabove this cut in the
re ned model.Sincean arbitrary subsetf the fan-incom-
binatioral logic gates of a statevarialde canbe added to
the abstractionthe abstractiongrandarity is at the gate
level. However, thereare somesigni cant differencesbe-
tweenour appro@h andtheirs: (1) we treatead elemen-
tary transitionrelation clusteras an abstractionatom and
our god is to reducethe BDD size of the abstracttransi-
tion relation, while they aimedat reduéng the number of
cut-setvariables(or pseudoprimary inputs) in the re ned
modd; (2) we usea SAT-basedmethodfor predictingthe
apprgriatere nement direction,while they did not differ-
entiatebetwea the sequatial and Bodeandirectionsdur-
ing the re nement; (3) in their appro&h, logic gatescan-
notberemoredonce they areadded,while in ourappoach,
they may be removed from the abstractmodaé if laterthey
areprovento beirrelevantduringthe gree@ minimization.

In [11], McMillan andAmla propsedan automaic ab-
stractiontechniqie basedon the unsdis ability proof of
bourdedmodéd cheding instancesWhenabstractmodds
are corstucted directly from the UNSAT proof, the gran-
ularity canbe at the gate level. Its major differencefrom
our approachis that, it is a SAT-basedmethodandis basel
on the corstructionof an UNSAT subformula while ours
is basedon BDD conputations.Furthemore,the abstrac-
tionsarenot cumulatve in their methal, andarenot mini-



mizedwith respetto the spuriouscounte-examples to re-
move the possiblyredundntre nementvariables.

Thecorceptof abstactionefciencywas rst mertioned
in [16] asa performane meauremenbf re nementalgo-
rithms. The GRAB algorithmfor picking re nementvari-
ableswasalsoproposedhere;experimentaktudiesshoved
that, guided by all shortesttounterexanples, GRAB is of-
ten superiorto single courter-examge driven algorithms.
In this pape, we also adoptthe algorithmfor picking re-
nement variablesof GRAB. However, the main corcern
of this pape is the abstractiongranularity (the grandar-
ity of [16] is at the statevariablelevel). We will demm-
stratethat, with the ne -grainabstractiorandthe useof se-
quertial dorit cares,our methodsigni cnatly outpeforms
GRAB. With the ne-grain appro&h, abstractioref cien cy
can be de nedin termsof the numter of transitionrela-
tion clusters(e.g.,latches andBNVs), or even the numkter
of logic gates.

3. Prelimaries

In symbolicmodd cheding, bothtransitiongrapts and
setsof statesarerepresentedymbolicallyby Booleanfunc-
tions. Let x = {Xi;::;Xm} be the present-statevari-
ables,y = {yi1;:;yYm} be the next-statevarialdes, and
w = {wy;::; Wy, } betheprimaryinputs;the modé is rep-
resentecsymbdically by M = (T (x; w;y);1 (x)), where
T (x; w;y) is the transitionrelation,and| (x) is the setof
initial statesThetransitionrelationis theconjunctionof all
thetransitionbit-relations eachof whichis associateavith
abinarystatevariatle. LetJ = {1;:::;m}, then

Towy) = ATixwy) :
jed

Here, T; (x; w;yj ) =Y; < Aj(x; w) is the bit-relation of
thej ™ binarystatevariable,andA; (x; w) is the transition
functionin termsof the present-stateariadesandinputs.

In corventional, or coase-grain,abstractionmethod,
the transitionbit-relationsof statevariables are treatedas
atoms—abit-relation is either included in or complaely
excluded from the abstractmodd, dependingon whether
the corresponihg statevariable is included or not. Let the
abstractmodé contan a subsetof statevariablesJ =
{1;:::k} € J, andlet X C x andy C y be the sub-
setsof present-and next-statevariables,respectrely. The
coarse-graimbstracmode is representedy M, = (T; 1 ).
Theabstractransitionrelationis de nedasfollows:

Toow;y) = A T ({6 xhwy) ;
jed
wherex is the setof visible statevariables, andX = x \ X

is the setof theinvisible statevariables The transitionbit-
relationsof invisible variables arereplacedvith tautologies;

abstractionRefine(M;A) f
Ma = i nit Abstraction(M;A)
while (1) f
ACEs =conput eAbst r act CEx(M4; A)
if (AC Es is empty)
return TRUE
CCE =conput eConcr et eCEx(M ; Gp; ACEs)
if (CCE notempty)
return (FALSE,CCE)
a=refineAbstracti on(M;M4;ACES)

Figure 1. Generic abstraction refinement.

thereforejnvisible variables areconsideredisinputsin the
abstractiormodel(or pseua-primaryinputg. Theabstract
initial statesl (X) are the projedion of | (x)—an abstract
stateis initial if andonly if thereis acorcreteoneinsideit.

Sinee more transitionsare allowed by T, an abstract
modd is anover-approxmation of the corcretemockl; this
naturally implies the simulationrelationM =< M,. Pass-
ing universal propertiessuchastheinvariart propertyGp,
arepresered: If M, = A, it is alsotruethatM = A; how-
ever, if M, [~ A, the propety maynotholdin M —thatis,
theremaybefalsengyatives.

Thegerericabstractiome nementframeawvork for ched-
ing universal propertieswith over-approximaed abstrac-
tionsis given in Fig. 1. It startswith a primitive abstract
modéd, which containsonly the variablesmentioredin the
given propeaty. Thepropety is thenchedkedin theabstract
modd, with the modé cheder. If My = A, the prop-
erty hasbeenproven for the corcretemodelaswell. Other
wise,anonemptysetof abstractounterexamples(ACES)
are gengated. These counterexanples are then cheked
againstthecorcretemodel,to seeif they cortain realpatts.
If aconcretecounterexample (CCE) exists, the property is
refuted.Otherwise,someinvisible variabes andtheir cor
responghg transitionbit-relationsareaddel to re ne M ;.

Counterexampgesto the propertyGp (i.e., the proposi-
tional formulap is alwaystrue) are pathsfrom initial states
to the stateslabeled —p. All the counterexamges of the
shortestlengh can be captured by a datastructurecalled
the Syndironots Onion Rings (SORs):With breadh- rst
searchstartingfrom theinitial statesthe setsof new states
encaunteredin the BFS stepsform the forward reactable
onion rings. As soonas some—p statesare reacted, the
backwvard breadth- rst searchfrom these'bad states’gives
thebackwvardreachale onionrings. Thepair-wiseintersec-
tion of the forward and bakward onion rings forms the
SORs.Let {SY;S!;:::;St} be the SORs,and sgs;:::S.
be an arbitrary shortestcounterexanple; then,s; € S',
SYCl,andSt C —p.

A Boolean satis ability (SAT) solver can be usedto



Figure 2. Example of fine-grain abstraction.

chedk whetrer the ACEsarereal or not (i.e., if they pass
the conaetizationtes). The SAT prodem is formulatedas
¥ = Uy A Pg, de nedasfollows:

\IJM :I(XO)/\/\OSKL T(Xl;WI;X|+1)
Vs :/\oglgL s'(xX");

where W), representshe unrolling of the conaete model
for L time frames,¥'s representghe constraintscoming
from theabstractSORs X' andW' arethe stateandinput
variadesatthe ™ time frame,andS' (X ') is the CNF en-
coding thel™ ring. Realcounterexamgesof lengthL exist
if andonly if theBodeanformula ¥ is satis able,in which
casethe satis able assignmentinducea conaete courter-
example.

The selectionof re nement variables canbe guidedby
the andysis of spuriouscounterexanples. The algorithm
adopedin this pape for picking goodre nementvariables
is the GRAB algorithmof [16]. We will briey explainit in
Section5.2. However, our re nement mustbe corductedin
boththesequetial andtheBodeandirections Beforedelv-
ing into the detailsof re nement,we presetour ne-grain
abstractiorapprachin Sectior4.

4. Fine-grain abstraction

Our ne-grain abstractionconsidersnot only the state
variabes, but alsothe Bodeannetwork variades. Boolea
network variablesaretheintermediae variablesselectvely
insertedin the combirational logic cones of latches;they
areusedto partitionlarge comhinationallogic conessothat
a compmct BDD representationf their transitionrelations
canbeachiezed.Onceinserted ead Boolean network vari-
ableis associatedvith a small areaof the comhknational
circuit; similarly to the statevarialles, thereis an elemen-
tary transitionrelationfor ead Boolea) network variable.
The transitionrelation of the entire systemis the conjurc-
tion of all theseelementarytransitionrelations Thefollow-
ing exampleshavs how ne-grain abstractiorworks.

In Fig. 2, thereare 10 gatesin the fan-incombnational
logic cores of the two latches; y; andy, are the next-
statevariables,andx; ::;; X5 arethe present-stateariables,

amorg which, X1; X2 correspod to yi;ys. Let Ay, bethe
outpu functionof Gate9 in termsof the present-statgari-
ablesandinputsonly; similarly, let Ay, betheoutput func-
tion of Gate10. Ay, and Ay, are also called the transi-
tion functionsof Latch1 andLatch2, respectrely. Accord-
ing to the de nition in the previous section,the transition
bit-relationof Latch 1 is de nedasfollows:

Ti =Y1 < Ay, (X1;X2; X35 Xq)

Bodeannetwork variales canbe insertedin the fan-in
combhinational coresto partition theminto smallerpieces.
To illustrate this, we insert 4 intermediate variables,
ty; to; t3, andty, into this pieceof circuit. We usex, to rep-
resentthe outpu function of the signalv, but in termsof
both present-statevariables and Boolean network vari-
ables.Thesenew functions and their correspoding ner
grain elementary transition relations are de ned as fol-
lows:

f, = X1 O X2

H, = (X2 AX3) Dty

&, = ﬂ(Xg \/X5) N Xyq

, =XoBt3

"_'yl = _\(Xl Atg) V _\(X4 /\tl)
Y, = —\(X4 /\tl) Ny

T, =t & &,
T, =ty = &,
T, =t3 & &,
Ty, =ty & &,
TY1 =Y1 ‘_H—'yl
Ty2 =Y2 = K,

Notethaty; is now associatedvith the elemetary transi-
tion relations,, only. Thetransitionbit-relationof Latch 1
is a conjunctionof threeelemenary transitionrelationclus-
ters

T =Ty, AT, ATy, -

In coarse-grainabstractionmethod where only state
variabes aretreatedasatoms,whenLatch 1 is includedin
theabstracmodel,all the six fan-ingates(Gatesl, 2, 4, 5,
7, and9) arealsoincluded; thatis, T = Ty, ATy, A Ty,.
However, notall thesegatesmight be necessaryfor thever-
i cation of thegivenproperty evenif Latchlisindeednec-
essaryln our ne-grain abstractionBoolean network vari-
ables,as well asthe latches,are treatedas atoms.When
Latch 1 is in the abstraction only thosegatescoveredby
the elemeniary transitionrelationclusterTy, areincluded;
thisis indicatedin the gu re by the cut A;, which contains
Gatesb, 7, and9. In succasive re nements,only the clus-
tersthatarerelevantto theveri c ationareadded.In thenext
section,we presentan algorithm that can identify which
clustersshouldbeincluded. Mearwhile, let usassumehat
the currentabstractmodd containsonly Latch 1 (e.g.,in-
cludes Gatesb, 7, and9), andthe propertyfails in the ab-
stractmodel. At this point, we may add the Boolean net-
work varialle t; asindicated by the new cut A, in the g-
ure;thismears T = Ty, A T¢,. Notethatthis time the ab-
stractmockl containd_atch1 andGate<2, 5, 7, and9. Con-
tinuingthis process,we maykeep addng y; t4; : : : until we
getaproofor refutation.



It is possiblein our ne-grain appro@h that gatescov-
eredby thetransitionclusterT;, (i.e., Gatesl and4) never
appar in the abstractmodel—if they are indedl irrele-
van to the veri c ation of the given property This demm-
strategheadwantageof ne-grainabstractionln acouge of
real-world circuits, we have obsered that over 90% of the
gatesin somelargefan-inconesareindeedredundint,even
though thecorresponihg latchesarenecessaryfor veri ca-
tion of the given property

Thegrandarity of abstractiordependsonthesizeof the
transitionrelation clusters,as well as the algorithm used
to performthe partition.In our currentimplemenation, the
frontier[14] methal is usedo selectvely inserttheBoolea
network variables.The procedureworks asfollows: First,
theelementay transitionfunction of eachgateis computed
from thecombindionalinputsto thecomtinationaloutputs,
in sometopolagical order If theBDD sizeof anelemerary
transitionfunctionexceedsagiven thresholdaBoolea net-
work variableis insertedto associatavith thatgate. For all
the gates in thefan-outsof thatgate,their elemenary tran-
sition functiors are conputedin termsof the nev Boolean
network variale.

Whenthe partition thresholdis setto 1, a Boolean net-
work variablewill beinsertedfor every logic gate;in this
extremecase the optimal abstractionamory all the possi-
ble nal proofs,is theonethatcontansthesmalleshumber
of gates.In otherwords,abstractiorre nementbemmesa
processof synthesizing suchanoptimalabstracmodéd.

5. Smartre nement

Re nemen is to selecta small setof invisible variables
andthen addtheir elementary transitionrelationsbak to
T. To achieve higher abstractioref cie ncy, we wantto add
a small subsetof invisible variables suchthat after re ne-
ment, the charce of removing the spuriousACEsis max-
imized. This boils down to threequestionsi(1) what type
of variablesto add?(2) how to identify theimportart vari-
ables?and(3) how to remove the possibleredundnt vari-
ablesfrom the re nement set?For picking the important
varialles, we usethe GRAB algorithmin [16], andwill ex-
plainit brie y in Se¢ion 5.2. Theothertwo questions,how-
ever, areunigue to our ne -grainabstractiorapprach.

5.1. Refinement directions

With the ne-grain abstractionre nementcanbe con-
ductdl in two differentdirectiors. In the sequetial direc-
tion, more invisible state variablescan be added; in the
Boolean direction, more Bodean network variables (e.g.
logic gates)canbe addal. Adding Boolean network vari-
ablesmayremove thetransitionsallowed by thecurren ab-

stractmockl; addng statevariables,however, will alsoin-
creasdhestatespace

According to our experience,if no distinctionis made
betwea thesetwo typesof variales, the re nement result
can be quite sub-optimal—may redurdant statevariables
may be addel duringthere nement process. This suggests
that we needa methodto predictwhich re nementdirec-
tion to go ata certaintime. A satis ability ched similarto
the corcretizationtestcanbe usedto getthere nementdi-
rection. The ideais that, if addingthe entire fan-in cones
of thecurrentvisible statevariadescamotremore thespu-
rious ACEs,moreinvisible statevariablesare neeled—we
shouldre ne in the sequetial direction;otherwise we re-

ne in the Boolean direction.

Given a ne-grainabstractmodel,its exterded abstact
mode is de ned astheonewith thesamesetof visible state
variabes, but contaning all the gatesin their fan-in cones.
Referto Fig. 2 as an example: when the currentabstract
modd cortainsLatch1 andGatesb, 7, and9, the exterded
abstracmodelcontans Latch1, andGatesl, 2, 4,5, 7, and
9. Let T: bethetransitionrelationof the extendedabstract
modd, the SAT formulafor predictingthere nement direc-
tionisde nedas¥’ = ¥}, A ¥s, where

Ty =lo(X)A A T(X; WX
0<i<L

is the unrolling of the exterdedabstract mocel for exactly
L time frames,and ¥s is the constraint from the SORs.
If ¥’ is unsatis able,we chaoseto re ne in the Boolean
direction. Otherwise,even adding all the logic gates in
the Boolean directioncamot kill all the spuriouscourter
examples;therefore we needto re ne in the sequatial di-
rectionby addng morestatevariables.

5.2. Refinement variable selection

For picking goad re nementvariableswe usethe GRAB
algorithmin [16], which is explained with the exanple in
Fig. 3 asfollows. Letf andg betheinvisible variades ap-
pearingin onesegment of the spuriousabstractSORs;ac-
cordingto the gure: (1) Beforere nement, every statein
S' hassuccesorsn the next ring—thisis beausenvisible
varialles are treatedas inputs and are existentially quan-
tied duringsymbolictraversal.Therefae, we canalways
reachthe next ring from every statein S'. (2) After f is
addel to the abstracimodd, only threeout of thefour new
stateshave succesorsin the next ring—State[2; —f | now
becanesadeal-endstate Notethatf bemmesa statevari-
ableafterre nement.(3) After g is addednsteadof f , only
two out of the four new stateshave succesorsin the next
ring—both[1; —g] and[2; g] becomedeal-endstates.

Fromthe above andysis, we drawv the following corclu-
sions: (1) g is a bettercanddate for re nement; and (2)
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Figure 3. Analysis of refinement variables.

even if we re ne bothf andg, the spuriouscourter ex-
amplesmaystill exist—{f ; g} is notasufcient re nement
set,andwe needto addmoreinvisible variables.The quan-
titive measurerant of the chanceof reachirg the next level
afterre ning f is computedasfollows(cf.[16]):

ISI () AT(Xw )2V TP [T (% xw ;)ASI F1 @Y .

N{f} = HL :
[SI(x)]

where|:| is thecardindity of aset.For moredetailedexpla-
nation,thereades arereferredto theoriginal pape.

5.3. Refinement minimization

Once the entire spuriousSORsare gone all the newly
addel variables forms a sufcient re nement set—thatis,
they aresufcient for removing all the currentlength spuri-
OUSACESs.This re nementset,however, may not be mini-
mal. SAT-basedgreedyminimizationwith respectre to the
entire SORscanbe usedto remove the possibleredurdant
varialdes[17, 2]. Thegreedyminimizationis basedntrial-
and-eror: for eachvariablein the new re nement varialle
list, if droppingit does not make the spuriouscounter ex-
amplescome back,we know it is redundnt; otherwisejt is
necesaryln ourappoach however, theminimizationmust
beappliedin bothre nementdirections.

For the ACEswith a certainlength we choosetore ne

rst in thesequetial direction.As soonasasufcient setof
latchesareadded, we minimizeit with respecto the entire
bunde of ACEs, beforeshifting to the Boolean direction.
Every timealatchis removed,all theBooleannetwork vari-
ablesthatareusedonly by this latch arealsopruned away.
Notethatalthoughwe have adceda sufcient setof latches,
theACEsmaynotbekilled entirelyatthis point. After shift-
ing to the Boolean direction,we keepaddingBoolean net-
work variableonly until theentireSORsIs removed;atthis
point,wegreedly minimizethesetof newly addel Boolean
network variales.

6. Sequential don't cares

Previousworkin abstractiome nementdividedtheorig-
inal systeminto two parts:asetof visible variadesandaset
of invisible variables.Modd cheking was apdied to the
abstractmodelthat contans only the elemetary transition
relationsof visible variables.The elemetary transitionre-
lationsof invisible variables,on the otherhand werecom-
pletely ignored. Becatse the transition constraintsare re-
moved,theinvisiblevariaesaretreatecaspseudeprimary
inputsin modé checking—they cantake arbitraryvaluesat
all times.Thesepseua-primaryinputsarethe reasornwhy
the abstractcounterexamges may be spurious:The valu-
ationsof thesevariales that areresponsibldor triggering
thesecounterexamgdes may not be allowedin the conaete
system.In this section,we shav thatwith additiona and-
ysisof theinvisible partof the systemwe canfurthercon-
straintheinvisible variables.
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Figure 4. DCs from remaining submodules.

As illustratedin Fig. 4, we decanposethe invisible part
of the systeminto a seriesof submodiles, ead of which
contans a subsetof the invisible latches.The decanposi-
tion is basednthe machine decanpositionalgorithmorig-
inally proposedby Cho et al. [3] in the context of reach-
ability andysis andimprovedin [12]. Approximatereach-
ablestatesof theinvisible partcanbe compued by andyz-
ing ead submodile in turn, assumingthat the other sub-
moduesarein ary stateshathave alreadybeen estimated
to bereachaéle. Theprocesss iterateduntil aleast xp oint
is reacled.

The setof approXmatereatablestatesof the invisible
partis anuppe bourd onthesetof exactreachale stateslt
canbe usedto constrainthe beraviors of theinvisible vari-
ables,or pseudeprimary inputs, of the abstractmodd. If
certainvaludions of theinvisible variades arenot even in
the setof approximatereaclable statesthey cannever ap-
pearin the original system.During the reaclability analy-
sis of the abstractmodel,thesepseudeprimary input con-
ditionscanbedisabled.



In our currentimplementation,the machire decanposi-
tionis apdied ontheentiresystemfollowed by the LMBM
traversalof the subma&hines[12]. The approximatereach-
able statesare computed only onceat the beginning; they
arethenusedin abstractiorre nementto constrainthe for-
ward reactability analysisof the abstractmodelsat differ-
entabstractiorievels. Speei cally , the BDD operationcon-
strain [6] is usedto remove spuriougransitionsfrom T us-
ing the approxmate reaclable statesasthe care set Con-
straintson the behaior of the abstractmodd due to the
neighboring submadbines prevent some spuriousabstract
courterexamges from ocaurring, possiblyleadng to the
decisionof a propety earlierin there nement cycle.

A more systematicdntegration of macdine decanposi-
tion and appoximatereachaility into the abstractionre-

nement paradgm is possible.The resultis a multi-way
partitionre nement process. Partitioning of the modé into
submadbinescanbedonesothattheabstracmodelis oneof
the mary submabines.Re nemen is consideed asmeig-
ing the abstractmodelwith someother submacines. We
leave this for the futurework.

7. Experiments

We have implemerted our nev method in VIS-2.0[1,
15], and compaed it with the GRAB algorithm in [16].
Ourimplementationuseshe CUDD padagefor the BDD-
basedcomputation,andChdf [13] for the SAT-basedcom-
putation The compaison is basedon the samesetof test
casesusedin [16], which arereal-world hardware designs
with invariantpropeties, kindly provided by the autha's of
[2]. In our implementation,the frontier partition threshold
wassetto 1000: every time the BDD sizeof the transition
function went beyond this threshold,a Bodean network
varialle wasinserted.The latch group size for conmputing
the approxmatereaclablestateswvith LMBM wassetto 8.
Dynamic variable reorderingwasenaled with methal sift
for all BDD operationsThe experimentsveredore on 1.7
GHz Intel Pentium4 madineswith 2 GB of RAM. We set
atime limit of 8 CPU hours.The experimentalresultsare
shavn in Table 1.

The rst four columrs of Table 1 give the statistcsof the
testcasesthe rst columnshavs the namesof the desigrs;
the secondand third columnsshavs the numbes of reg-
istersandgatesin the core of in u ence,respectrely. The
forth column indicateswhethe the propertiesaretrue (T)
or false (F). Whenthe propertiesare false, the lengtts of
the shortesttounterexanplesaregiven The following six
columrs comparethe performare of threedifferentmeth-
ods:GRAB isthealgorithmin [16], FINEGRAIN is our ne-
grainabstractioormethod and+ARDC is our ne-grain ab-
stractionrmethal augnentedwith theuseof sequetial don't
cares.For eachmethod the CPU time in second andthe

\ TestCases | GraB[16] ]| FINEGRAIN [ +ARDC
[name [ regs| gates [ T/F || CPU | regs | CPU| reg || CPU ] regs |
D24-p1 | 147 8k 9 1 4 1 4 1 4
D24-p2 | 147 8k | T 3 8 3 8 3 8
D24-p3 | 147 2k | T 20 8 4 6 2 5
D24-p4 | 147 8k | T 43 8 4 6 2 5
D24-p5 147 8k T 3 5 4 6 2 5
D12-pl 48 2k | 16 14 23 24 23 19 24
D23pl 85 3k 5 20 21 3 21 14 21
D5-p1 319 | 25k | 31 31 18 42 13 32 13
D1-pl 101 5k 9 9 21 12 20 14 20
D1-p2 101 5k | 13 51 23 27 23 29 23
D1-p3 101 5k | 15 56 25 32 23 33 23
D16pl | 531| 34k 8 92 14 25 14 21 14
D2-p1 94| 18k | 14 180 48 108 49 59 48
MO-p1 221 29k | T 136 16 204 13 942 13
rcu-pl | 2453| 38k | T 195 10 188 10 216 10
B-p0 124 2k | T 1256 24 || 1507 24 || 1484 | 24
B-pl 124 2k | T 173 18 189 19 159 18
B-p2 124 2k | 17 93 7 95 7 20 7
B-p3 124 2k | T 223 43 76 43 62 43
B-p4 124 2k | T 393 42 101 43 108 42
D22-p1 | 140 7k | 10 720 | 132 242 | 132 191 | 132
D4-p2 230 8k | T 1133 38 204 38 195 38
D21-pl 92| 14k | 26 | 2817 66 || 275 70 622 67
D21-p2 92| 14k | 28 || 4635 70 || 1748 75 868 67
1U-p1 4494 | 154k T >8h - || 2226 12 || 2263 12
1U-p2 4494 | 154k | T >8h - 930 14 699 12

Table 1. Comparison of the three algorithms.

numker of registersin the nal abstractmodelare shavn.
Notethat,for thepurpcseof cortrolled experiments theun-
derlying algorithmfor picking re nement variablesis the
samefor thethreemethod.

Our ne-grain abstractiomapprachshaws a signi cant
performane improvemer over GRAB. First,it nishesthe
two largest test casesthat canrot be veried by GRAB.
Careful analysisof 1U-p1 andIU-p2, two problans from
the instructionunit of the PicoJaa microprocasor shovs
thatsomeof theirregistershave extremdy largefan-incom-
binatioral logic cones. Without the ne-grain abstraction,
abstracmodds with lessthan10 registerswill betoo com-
plex to bedealtwith by themodé cheder. Furthermorefor
the testcaseghat both methals manayedto nish, FINE-
GRAIN is signi cantly fasterthan GRAB. In fact, the total
CPUtimeto nish theseremaining24 testcasess 12,207
secomisfor GRAB, and7,562seconisfor FINEGRAIN.

With the useof sequetial dorit cares(DCs), the perfor
mane of our methdal is further improved. For more than
half of the 26 test cases,+ARDC is signi cantly faster
thanboth FINEGRAIN and GRAB; for theremainingones,
the performane is comparable.The total CPUtime to n-
ish all the 26 testcaseds 10,724 second for FINEGRAIN,
and8,130secomsfor +ARDC,; thisis anaverageof 25%
speedup.



8. Conclusion

We have introducel a ner grainabstractiorre nement
apprach for model checking industrial-scaledigital sys-
tems. Boolean network variables are selectvely inserted
to partition large conbinationa logic cores into smaller
pieces. TheseBoolean network variables, togethe with the
statevarialles, are treatedas atomsfor abstractiorre ne-
ment.With this ne-grain approach,re nementcanbecon-
ducteal in two differentdirections,sequetial andBoolean.
We have proposeda SAT-basedmethal for compuing the
appr@riate direction, and have appliedgreed minimiza-
tion in bothdirectionsto keepthere nement setsmall. Ex-
perimenté resultshave shavn that our ne-grain abstrac-
tion and smartre nementis a mustfor dealingwith large
designsln particula, the two large testcasescanonly be
veri ed with ne-grain abstractiorenéled.

We have alsoexploredthe useof apgroximatereachable
statesof theremainirg submalulesto helpverifying theab-
stractmodel.This, in gereral,correspodsto multi-way ma-
chinedecanposition.Accordingto our experimentalstud-
ies, the useof DCs hasimproved the performare of ab-
stractionre nementsigni cantly.

Futurework includesexploring themary differentmeth-
odsfor insertingBoolean network variablesinto the com-
binatioral logic cones, which is currerily limited to the
frontier methal. Machine demmpositionand approximate
reaclability analysisof the remainingsubmalulescanalso
be integrated more tightly into the abstractionre nement
process. In particular the reachaéle statesof the abstract
modéd canbe fed bad to the remainirg submodiesto im-
prove the quality of the ARDCs. With this approah, ab-
stractionre nementbemmesa specialcaseof the machire
decanpositionandapproXmatestatespaceraversal.
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