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Abstract We presentan abstractionre�nement algorithm
for modelchecking of safetypropertiesthatreliesexclusively
on a SAT solver for checking theabstractmodel,testingab-
stract counterexamples on the concrete model, and re�ne-
ment.Model checkingof theabstractionsisbasedonbounded
model checking extended with checks for the existence of
simplepathsthathelpin decidingpassingproperties.All min-
imum-length spuriouscounterexamplesareeliminatedin one
re�nementstepby an incremental procedure that combines
the analysis of the con�ict dependency graphproduced by
the SAT solver while looking for concretecounterexamples
with aneffective re�nement minimizationprocedure.

1 Intr oduction

Model checking [CGP99] is an algorithmic approach to the
veri�c ationof propertiesof reactivesystems,whichhasbeen
successfully applied to both hardware and software. Since
model checking entailsthe exploration of a potentially very
largestatespace, thealleviation of theso-calledstateexplo-
sion problem hasbeenthe object of muchresearch.On the
onehand, techniqueshave beendeveloped thatallow models
with hundredsof statevariablesto be analyzed directly. On
theotherhand, abstractionhasbeenusedto allow themodel
checker to draw conclusionson theoriginal, concrete model
by examining asimpler, abstractone.

For systemswith many statevariablesandmany transi-
tions,thesymbolic approachhasproved crucial. In symbolic
model checking, setsof statesand transitionare described
by their characteristicfunctions.Variousforms of represen-
tation have been usedfor thesefunctions, the mostpopular
beingBinary Decision Diagrams(BDDs) [Bry86], andCon-
junctiveNormalForm (CNF).

ClassicalBDD-based model checking [McM94] is based
on the computationof �xpo ints. For instance, the reachable
statesof a model are computedas the least�xpo int of the
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function¸Z : I _ Succ(Z ), which adds thesuccessorsof the
statesin Z to the initial states.Both the set of statesand
thesuccessorrelationarestoredasBDDs.The�xpo int com-
putationconvergesin a number of iterationsthat equals the
maximum distanceof areachablestatefrom theinitial states.
Checking for convergenceis madeeasyby thestrongcanon-
icity of BDDs (identicalsetssharethesamerepresentation).
BDD-basedmodel checking can thereforeprove properties
almostaseasilyasit candisprove them.

BoundedModel Checking (BMC) [BCCZ99], ontheother
hand, formulatesthereachability testasaseriesof satis�abil-
ity (SAT) checksfor pathsof boundedlength. (To seeif apath
of lengthk to a setof statesexists, the transitionrelationis
unrolledk times.)For �nite systemsthe processmusteven-
tually terminate:Thelengthof theshortestpathbetweentwo
statescannot exceedthenumber of states.Hence, if no path
is found with length up to the number of states,the target
statesareknown to be unreachable.This observation, how-
ever, doesnot help for the kind of models that oneencoun-
ters in practice. The diameterof the stategraphwould give
a much betterbound on k, but, unfortunately, it is hard to
compute [BCCZ99]. For this reason, BMC hascometo be
regardedasan excellentdebugging (asopposedto veri�ca-
tion) technique.That is, classicalBMC is particularlyadept
at �nding counterexamples,but ill-suited to prove their ab-
sence.

The ability demonstratedby BMC to deal with models
beyond the reachof BDD-based methods hassparked inter-
est in the useof CNF andSAT for proof aswell as refuta-
tion. Two mainapproacheshave been pursued: Thereplace-
ment of BDDs with CNF formulaein the �xpo int compu-
tation [ABE00,WBCG00,McM02], andthe development of
moreeffective terminationcriteriafor BMC.

The opportunity of replacing BDDs with CNF formulae
canbe argued on the grounds that canonicity of representa-
tion makes BDDs somewhat in�e xible. Hence, somefunc-
tions that admit compact representations in CNF have ex-
ceedingly large BDDs. However, the in�e xibility argument
canalsobe usedagainst CNF, andmemoization techniques
aremoreeffective for BDDs. In fact,to date,CNF-based�x-
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Fig. 1 Modelwith longsimplepath

point computationhasnot demonstrateda consistent advan-
tageover the classicalBDD-basedone.Onemay arguethat
themainreasonfor thesuccessof BMC in �ndin g counterex-
ampleslies in its avoidanceof theneedlesscomputationand
storageof reachablestatesthatarenoton theerrortrace.

Severalproposalshavebeenmadeto improveBMC'sabil-
ity to prove thenon-existenceof a path.It is straightforward
to check for inductive invariants, sinceit only entailscheck-
ing for theexistenceof a transitionfrom a statethatsatis�es
theinvariantto onethatdoes not.An extensionof theinduc-
tive approach hasbeen presentedin [SSS00], in which ter-
minationoccurs assoonasthelengthof thepathreachesthe
lengthof the longestsimplepathfrom an initial state,or to
a targetstate.A recent paper[McM03] proposestheanalysis
of the unsatis�ableformulaeto allow terminationwhen the
reversesequential depth of themodel is reached.

Early terminationin BMC requiresadditional checks be-
yond the one for the existenceof pathsof certain lengths.
Thesechecks translateinto moreclausesin theCNF formu-
laewhosesatis�ability hastobeestablished. For theapproach
of [SSS00], the number of extra clausesis quadratic in the
lengthof thepath.As a result,it is not surprisingthat�nd ing
counterexamplesis slower than with pure BMC. The extra
cost,however, appearsto beworth paying, sinceit increases
substantiallythe fraction of passingpropertiesthat can be
decided.Unfortunately, thereremaininstances for which the
additional terminationtestsaretoo expensive1. Considerthe
model illustratedin Fig.1. It has2n+ 2 states,oneof whichis
initial (A). Then=2 statesDn= 2; : : : ; Dn ¡ 1 arethe(unreach-
able) target states.The longest simple path from the initial
statehaslengthn + 1, while thelongestsimplepathto a tar-
get statethat doesnot visit any othertarget statehaslength
n=2; the reversesequential depthof the model is alson=2.
Hence,themethodsof [SSS00,McM03] will haveto consider

1 In [KS03] it wasshown how to reducethenumberof clausesto
O(k log2 k). However, theextraclausesto enforcesimplepathsstill
representasigni�cant hurdlefor theSAT solvers.
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Fig. 2 Abstractionof themodelof Fig. 1

pathsof lengthn=2 beforethey candeclare the target states
unreachable. By contrast,theforwardsequential depthis 2.

Fig. 2 shows anabstractionof themodel of Fig. 1. States
A, B i , C, andD i areabstractedby ®, ¯ b2i=n c, ° , and±b2i=n c,
respectively. Thetargetstateremainsunreachablein thismodel,
andtheforwardsequential depthisstill 2; however, thelongest
simple path and the sequential depthare reduced. Though
in general thereis no guaranteethatabstractionwill shorten
or even not lengthen the longestsimplepaths,or the short-
estpaths,this exampleillustrateshow abstractionmay help
BMC, especially for passingproperties.

AbstractionandBMC have been combinedin morethan
onerecentwork, especially in the context of abstractionre-
�ne ment.In abstractionre�nement [Kur94], onestartswith
a coarseabstractionof the given, concretemodel andkeeps
re�ning it until the property is decided. For universal prop-
erties like the reachability propertiesthat are the focus of
this article, this often means that the abstractmodelssimu-
late theconcreteone[Mil71], andthateitherthepropertyis
shown to hold on an abstractmodel, or a counterexample is
foundin theconcreteone.In [WHL+ 01,CGKS02,CCK+ 02,
WLJ+ 03] BMC is usedto check whethercounterexamples
foundin theabstractmodelscanbeconcretized, thatis,whether
a counterexamplecan be found in the concrete model that
is mappedby theabstractiononto theabstractcounterexam-
ple. The �rst threeof thesemethods alsoanalyze the failed
concretizationtest to guide the re�nement. Therefore,they
representinstancesof counterexample-guidedabstractionre-
�ne ment.Ontheotherhand, [WLJ+ 03] analyzestheabstract
model to decide how to re�ne it. Yet another approach is the
oneof [MA03], in which theabstractmodel is derived from
a failing BMC run on the concretemodel. This reversal of
the customary order is attractive for thosefrequentcasesin
which pathsof moderatelengthcanbeeasilycheckedon the
concretemodel.

One common trait of the approachesto abstractionre-
�ne mentmentioned sofar is theapplicationof a BDD-based
model checker to theabstractmodels,andof SAT solversto
theconcrete ones.By contrast,theobjective of this article is
to explorewhatcanbeachievedwith aSAT solverastheonly
decision procedure in theabstractionre�nement framework.
The rationalefor combining BDDs andSAT is that eachis
well-suitedto thetaskassignedto it: TheSAT solver is good
at checking the existenceof a path of a given length in a
large model, whereasthe BDD-basedmodelchecker is bet-



AbstractionRe�nementin SymbolicModelCheckingUsingSatis�ability astheOnly DecisionProcedure 3

teratproving theabsenceof certainpaths,regardlessof their
lengths,in amodelof moderatesize.This observation is cer-
tainly well motivated when oneregardsthemodelsfor which
abstractionre�nementresultshave beenreportedin theliter-
ature;their sizesrarely exceed1,000binary statevariables.
As themodels grow larger, however, we expectanapproach
purelybasedonSAT to becomemorecompetitive.Therefore,
our goal is to eventually be able to switch between BDD-
basedmodelcheckingandSAT-basedtechniquesfor theanal-
ysisof theconcretemodel. In this articlewe reporton a sig-
ni�ca nt stepin thatdirectionby presenting analgorithmfor
abstractionre�nementthatis purely based onSAT.

Our approach is similar to the onesdiscussedso far in
thefactthatabstractionsareobtained by removing partof the
statevariablesof themodel; re�nementthenconsistsof rein-
statingsomeof theremovedvariables.Thealgorithmhasfour
major components: the decision procedure for the abstract
model is the oneof [SSS00], which hasalreadybeen men-
tioned.Thesecond componentis theconcretizationtest:asin
[BGG02], agradual re�nementapproach triesto provecoun-
terexamplesspuriouswithout resort to the concrete model.
The third component—thechoiceof there�nement—makes
useof elementsof [WLJ+ 03], [MA03], and[CCK+ 02]. Like
the�rst two, it addressesall theabstractcounterexamplesof a
certainlengthat once; like thelast two, it analyzestheproof
of non-existenceof counterexamples of a certain length to
derive a setof candidatestatevariablesfrom which theones
that will be added to the abstractmodel arechosen.Finally,
thefourth component is a heuristic procedurefor abstraction
minimization. This minimization is quite important in our
approach,becausethe simultaneous elimination of all spu-
rious counterexamplesof a certainlength tendsto generate
large setsof candidatevariables.Our experimentalevalua-
tion of theSAT-basedabstractionre�nementalgorithm com-
paredit to both BMC (with andwithout terminationchecks
for passingproperties)andto thebestabstractionre�nement
algorithmavailable to us [WLJ+ 03]. The results,discussed
in Section5, show that the new approach, thoughnot uni-
formly superior, is morerobust thanthe others,andis espe-
cially promisingfor themorechallengingproblems.

2 Preliminaries

2.1 Open Systems

Let V = f v1; : : : ; vn g andW = f w1; : : : ; wm g be setsof
Boolean variables. We designateby V 0 the setf v0

1; : : : ; v0
n g

consisting of theprimedversionof theelementsof V , andby
V i thesetf vi

1; : : : ; vi
n g. Likewise,W i = f wi

1; : : : ; wi
m g. An

open systemis a4-tuple

hV; W; I ; T i ;

whereV is the setof (current)statevariables, W is the set
of combinationalvariables,I (V ) is theinitial statepredicate,
andT(V; W; V 0) is thetransitionrelation.Thevariablesin V 0

w3

w1

v0
1

v1

w2 v0
2

v2

Fig. 3 A sequentialcircuit de�ning anopensystemwith n = 2 and
m = 3. Therectanglesrepresentbinarystateelements

arethenext statevariables.All setsare�nite, andall variables
rangeover �nite domains.

We assumethatT(V; W; V 0) is given by a circuit graph,
thatis, by a labeled graphC = (V [ W; E) suchthatm ¸ n,
node vi 2 V is labeledby wi 2 W , nodewi 2 W is labeled
by aBooleanformulaTi = wi $ ±i (V; W ), (wi ; vi ) 2 E for
i 2 f 1; : : : ; ng, and, for x 2 V [ W , wi 2 W , (x; wi ) 2 E
iff x appearsin ±i . Thetransitionrelationis thende� nedby:

T(V; W; V 0) =
^

1· i · n

(v0
i $ wi ) ^

^

1· i · m

Ti (W; V ) : (1)

In asequential circuit, thevariablesin W areassociatedwith
theprimaryinputsandtheoutputsof thecombinationallogic
gatesof thecircuit; thevariablesin V areassociatedwith the
memory elements. Each Ti is calleda gaterelation because
it usuallydescribesthebehavior of a logic gate.For instance,
if wi is the output variable of a two-input AND gate with
inputswj andvk , thenTi = wi $ (wj ^ vk ). If, on theother
hand, wi is a primary input to thecircuit, thenTi = 1. Each
term of the form v0

i $ wi equatesa next statevariable to a
combinationalvariable. (The output of the gate feedingthe
i -th memory element.)

A statevariablevj is saidto be in the direct supportof
variable vi (wi ) if vj is connectedto vi (wi ) by a pathin C
thatgoesthroughnodesin W (logic gates)only. Variablevj

is in thecone of in�uence(COI) of vi (wi ) if thereis a path
(of any kind) connectingvj to vi (wi ) in C.

Example1 Figure 3 shows a simple sequential circuit with
two statevariables.Thetransitionrelation(1) is given by

T(V; W; V 0) = (v0
1 $ w1)^ (v0

2 $ w2)^ (w2 $ (w3^ v1)) :

Note that T1 = T3 = true. If the only initial stateof the
circuit is v1 = 0; v2 = 0, thenI (V ) = : v1 ^ : v2. Variable
v1 is in thedirectsupportof w2, andin theCOI of v2. ut

2.2 Proving SafetyProperties

An opensystem­ de�nesalabeledtransitionstructurein the
usualway, with statesQ­ corresponding to thevaluationsof
thevariablesin V , andtransitionlabelscorresponding to the
valuationsof the variablesin W . Conversely, a setof states
S µ Q­ correspondstoapredicateS(V ) orS(V 0). Predicate
S(V ) (S(V 0)) is thecharacteristicfunctionof S expressedin
termsof thecurrent (next) statevariables.Stateq 2 Q­ is an
initial stateif it satis�esI (V ). StatesetS µ Q­ is reachable
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from statesetS0 in k stepsif thereis apathof lengthk in the
labeledtransitionstructurede� nedby ­ thatconnectssome
statein S0 to somestatein S; equivalentlyif

S0(V 0) ^
^

1· i · k

T(V i ¡ 1; W i ; V i ) ^ S(V k ) (2)

is satis�able.StatesetS is reachable from S0 if thereexists
k 2 N suchthatS is reachablein k stepsfrom S0. A stateset
is reachable (in k steps)if it is reachable (in k steps)from I .
Whenno confusion ariseswe shall identify a stateq 2 Q­

with thesetf qg. A �nite (in�nite) sequenceof states½2 Q¤
­

(2 Q!
­ ) is a �nite (in�nite) run of ­ if the�rst stateis initial,

andevery otherstateis reachablefrom its predecessorin one
step.Thesetof all possiblerunsof ­ is the languageof ­ ,
denotedby L (­ ).

A linear-time safetyproperty P of ­ is a subsetof Q!
­

suchthatany in�nite sequenceover Q­ not in P hasa �nite
pre�x that cannot be extendedto a sequence in P [AS85].
Opensystem­ satis�es safetyproperty P if L (­ ) µ P.
Checking the satisfactionof an ! -regular safetyproperty P
by anopen system­ canbereducedto thereachability prob-
lem by composing­ with anautomatonA P thatacceptsthe
inextensiblepre�xesof thesequencesnot in P. Theproperty
is satis�edby theopensystemif no stateof thecomposition
­ k A P thatprojectson anaccepting stateof A P is reach-
able.In the sequel we restrictourselves to ! -regular safety
properties,andassumethatthegiven open systemalreadyin-
corporatesthe property automaton. This assumptionallows
us to identify theproperty with a setof statesof thesystem,
whichwealsodenoteby P. Hence,propertyP is satis�edby
­ if thereis no k 2 N suchthat

I (V 0) ^
^

1· i · k

T(V i ¡ 1; W i ; V i ) ^ : P(V k ) (3)

is satis�able.An invariantis a safetyproperty thatstatesthat
a certainpredicate holdsof all reachablestatesof ­ . In this
caseP is thesetof statesthatsatisfythatpredicate.

Example2 ContinuingExample1,supposethatP(V ) = : v2.
Thenacounterexampleof length2 to P canbefoundby solv-
ing

: v0
1 ^ : v0

2 ^ (v1
1 $ w1

1) ^ (v1
2 $ w1

2)^

(w1
2 $ (w1

3 ^ v0
1)) ^ (v2

1 $ w2
1)^

(v2
2 $ w2

2) ^ (w2
2 $ (w2

3 ^ v1
1)) ^ v2

2 :

A satisfyingassignmentfor this formulais

: v0
1 ^ : v0

2 ^ w1
1 ^ : w1

2 ^ v1
1 ^ : v1

2 ^ w2
1 ^ w2

2 ^ w2
3 ^ v2

1 ^ v2
2 :

Thevalueof w1
3 is irrelevant. ut

The searchfor a k suchthat (3) is satis�able canobvi-
ously be restricted to the rangef 0; : : : ; jQ­ j ¡ 1g. Hence,
in theory, theprocessis guaranteedto terminate.In practice,
the number of statesis too large to be of any practical use,
andtighterupper boundsfor k aresought. In model checking

approachesthatarebasedon�xpo int computations[McM94,
ABE00,WBCG00,McM02], themaximumvalueof k is pro-
vided by the number of iterationsneeded to reachconver-
gence.On theotherhand, for algorithms thatdirectly check
thesatis�ability of (3), thediameterof thegraph[BCCZ99]
or boundsobtainedfrom thestructureof thehardwaremodel
havebeenproposed[BKA02]. Herewesummarizeamethod
proposedin [SSS00] thatis of particular interestto us.

A simplepath is one that visits a stateat mostonce. If
somestatein : P is reachable,theremustexist a simplepath
from an initial stateto it that does not go throughany other
statesin I or : P. Hence, if no simplepathof lengthk exists
suchthat its �rst stateis initial andno otherstateis initial,
or suchthat its �nal stateis in : P andno otherstateis in
: P, then,thereis nopathof lengthgreaterthanor equal to k
connectinga statein I to a statein : P. If in addition, there
is no path of length less than k connecting I to : P, then
­ j= P. Twosetsof statesS0andS areconnectedbyasimple
pathof lengthk in ­ if

§ k (S0; S) = S0(V 0) ^
^

1· i · k

T(V i ¡ 1; W i ; V i )

^ S(V k ) ^
^

0· j <i · k

_

1· l · n

(vi
l 6= vj

l ) (4)

issatis�able.Checking thetwoconditionsabovethenamounts
to checking thateitherof thefollowing formulaeis unsatis�-
able:

§ k (I ; Q) ^
^

0<i · k

: I (V i ) (5)

§ k (Q; : P) ^
^

0· i<k

P(V i ) : (6)

Notethatthepredicatecorresponding to thesetQ is true.

2.3 AbstractionRe�nement

Abstractinterpretation[CC77] providesavery �e xible frame-
work for the descriptionof abstraction.In this article,how-
ever, we consider the following restrictedde�nition. Open
systemb­ = hbV ; cW ; bI ; bT i is anabstractionof ­ if

– bV µ V ;
– cW = cW1 [ (V n bV);
– cW1 µ W suchthatvi 2 bV implieswi 2 cW ;
– bI ( bV ) = 9(V n bV) : I (V );
– bT( bV ; cW ; bV 0) = 9(V n bV) : 9(W n cW ) :

9(V 0n bV 0) : T(V; W; V 0):

(Notethatwi is thecombinationalvariable associatedto v0
i .)

This de� nition entailsthat b­ simulates[Mil71] ­ . Hence,
every run of ­ hasa matching run in b­ . Property bP is the
abstractionof propertyP with respectto b­ if bP( bV ) = 8(V n
bV) : P(V ). If P is an ! -regular property and b­ satis�es(or
models) bP, then­ satis�esP. Thatis,

b­ j= bP ! ­ j= P : (7)
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Thispreservation resultis thebasisfor thefollowing abstrac-
tion re�n ementapproach to theveri�cation of P. Onestarts
with a coarseabstractionb­ 0 of the concrete open system
­ and checks whether b­ 0 j= bP0. If that is the case,then
­ j= P; otherwise,thereexistsa leastk0 2 N suchthat

bI ( bV 0) ^
^

1· i · k 0

T( bV i ¡ 1; cW i ; bV i ) ^ : bP( bV k 0
) (8)

issatis�able.Thesatisfyingassignmentsto (8)aretheshortest-
length abstract counterexamples (ACEs). If b­ 0 6j= bP0 one
or more ACEs are checked for concretization. That is, one
checkswhether (3) hassolutionsthatagreewith theACE(s)
beingchecked.Becauseof theadditional constraintsprovided
by theACEs,aconcretizationtestis oftenlessexpensive that
thesatis�ability check of (3). However, its failureonly indi-
catesthat theabstracterror tracesarespurious.Therefore,if
theconcretizationtestfails,onechoosesare�ned abstraction
b­ 1 andrepeatstheprocess,until oneof thesecasesoccurs.

1. b­ i j= bPi for somei , in which case­ j= P is inferred.
2. The concretizationtestpassesfor somei , in which case

it is concluded that­ 6j= P andthesatisfyingassignment
foundis returnedascounterexample to P.

3. The re�nement eventually produces b­ i = ­ . In this �-
nal case,thesatis�ability check of (8) answersthemodel
checkingquestionconclusively. Thisisanundesirableout-
comebecausethepurposeof abstractionis defeated.

Whenthe re�nement b­ i +1 of b­ i is chosenwith the help of
theinformationprovidedby thefailedconcretizationtest,one
talksof counterexample-guidedabstractionre�nement.

Theconeof in�ue nce(directsupport) of apropertyis the
union of the cones of in�ue nce (direct supports)of all the
variablesmentioned in thepredicatethatde�nestheproperty.
Cone-of-in�uencereduction refersto theabstractionin which
bV is theCOI of theproperty. It is commonly applied before
any modelchecking is attempted,becauseit satis�es

b­ j= bP $ ­ j= P : (9)

Example3 For the circuit of Fig. 3, considerthe following
abstractionb­ :

– bV = f v2g;
– cW = f w2; w3; v1g;
– bI ( bV ) = : v2;
– bT( bV ; cW ; bV 0) = (v0

2 $ w2) ^ (w2 $ (w3 ^ v1).

SupposeP(V ) = bP( bV) = : v2. Thenfrom (8) one�nds that
acounterexampleof length 1 existsin b­ by solving

: v0
2 ^ (v1

2 $ w1
2) ^ (w1

2 $ (w1
3 ^ v1

1)) ^ v1
2 :

Theonly satisfying assignmentis : v0
2 ^ w1

2 ^ w1
3 ^ v1

1 ^ v1
2 .

Notethat this ACE cannot beconcretizedbecausev0
1 cannot

besetto 1 in theconcretemodel. After re�nementaddsv1 to
bV , b­ = ­ . Thecounterexample found in Example 2 there-
foreshows that­ 6j= P. ut

2.4 Satis�ability Solvers

Many modern SAT solvers are basedon clauserecording.
Whenever they detectacon�icting assignment to aformulaf
(onethatcausesf to evaluateto false), they conjoin acon�ict
clauseto f . Thenew clausepreventsthesolver from attempt-
ing thesameassignment again. It mayalsoexcludefrom fu-
tureconsiderationotherpartsof thesearchspacethatcanbe
inferredto containnosatisfyingassignments.Such inference
is basedon the analysis of the so-calledimplication graph,
whichshowswhichdecisionsandclausesareresponsiblefor
the con� ict. A SAT solver maintainsthe implication graph
by recording, for eachassignment,the level at which it was
made2, whether it wasa decision,andif not, the clausethat
implied it. Whena con� ict is detected, a cut separatingthe
sinkof theimplicationgraphfrom thesourcesidenti�es aset
of assignmentssuf�cien t to causethe con� ict. The disjunc-
tion of thenegation of thoseassignmentsis acon� ict clause.

The clausesthat make up the edges of an implication
graphbetween the cut and the sink can be usedto explain
thecon� ict clausededucedfrom it. WhenusingaSAT solver
in model checking basedon abstractionre�nement,thereare
two importantreasonsto keep track of the explanationsof
con�ict clauses. The �rst reasonis the ability to identify an
unsatis�able core [GN03,ZM03] of thegiven formulawhen
it is indeed unsatis�able.This can be done by recursively
replacing con�ic t clauseswith thoseappearing between the
chosencut and the sink in the implication graphsthat pro-
ducedthem.Theprocessstartsfrom the �nal con�ict clause
andterminateswhen only clausesof theoriginal formulaare
left. Whenthe check for existenceof counterexamples of a
certain length fails, the unsatis�ablecore produced by the
SAT solvercanbeusedto guidethere�nement of theabstract
model.

Thesecondreasonto preserve themapping between con-
�ict clausesand the edgesof their implication graphsis to
helpin theincrementalsolutionof sequencesof SAT instances
[WKS01,ES03]. If f andf 0 aretwo CNF formulae,and° is
a con� ict clauseof f , then° is alsoa con�ict clauseof f 0

if f 0 contains all the clausesof f in the implication graph
for ° up to the cut that identi�es ° . Therefore,if f 0 is ob-
tainedby slight modi�cation of f , many con� ict clausesde-
rived in checking the satis�ability of f may be added to f 0

inexpensively if their “explanations” in termsof clausesof f
aresaved. As a specialcase,if f 0 contains all theclauses of
f , thenall con�ic t clausesdeduced while checking the sat-
is�ability of f arealsovalid for f 0. Sequencesof closelyre-
latedSAT instancesarefoundin ouralgorithm for abstraction
re�nement.They arediscussedin Section 3.4 together with
theexploitationof inheritedcon�ict clausesto speedupSAT
checking.

2 Thelevel startsfrom 0; it is incrementedat every new decision;
andit decreaseswhenthealgorithmbacktracks.
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booleanPURESAT(­ ; P; C) f
1 L = 0;
2 b­ = CREATEINITIALABSTRACTION(­ ,P );
3 while ( b­ 6= ­ ) f
4 if (: CHECKSIMPLEPATH( b­ ,P ,L ))
5 return TRUE;
6 e­ = b­ ;
7 while (EXISTCEX( e­ ,P ,L )) f
8 if ( e­ == ­ )
9 return FALSE;
10 else
11 e­ = ADDLAYER( e­ ; ­ ; C);
12 g
13 if ( e­ 6= b­ ) f
14 re�nement= GETREFFROMCA( b­ , e­ ,P ,L );
15 b­ = ADDREFTOABSMODEL( b­ , re�nement);
16 g
17 L = L + 1;
18 g
19 while (CHECKSIMPLEPATH(­ ,P ,L )) f
20 if (EXISTCEX(­ ,P ,L ))
21 return FALSE;
22 L = L + 1;
23 g
24 return TRUE;
g

Fig. 4 ThePureSAT algorithm

3 Algor ithm

In thissectionwepresentanalgorithmfor abstractionre�ne-
ment that usesSAT as decision procedure on both abstract
andconcretemodels. The input to the algorithmis an open
system­ = hV; W; I ; T i whosetransitionrelationT is spec-
i�ed by acircuit graphC = (V [ W; E), andapredicateP(V )
describinga setof acceptingstates.We assumethatcone-of-
in�ue ncereductionis appliedbeforeinvoking theabstraction
re�nementprocedureso thatall verticesof C arein theCOI
of theproperty.

3.1 ThePureSAT Algorithm

Our algorithmis shown in Fig. 4. Initially, anabstractmodel
b­ is computedby collecting in bV only thestatevariablesthat
appear in P(V ); hence, bP = P throughout. In Lines 3–18
thealgorithmprogressively increasesL from its initial value
of 0 until eithera counterexample of lengthL is foundin the
concretesystem­ , or it is concludedthat no counterexam-
ple exists in the currentabstractmodel b­ . If at somepoint,
theabstractmodel becomestheconcretemodel, theendgame
describedin Lines19–24 is executed.

For each lengthL , (5) and(6) arecheckedto seewhether
thesimplepathconditionsaremet.If eitheroneis unsatis�-
able,theproperty holdsandthealgorithm terminates.

Otherwise,the algorithm checks whether thereexists a
counterexample of lengthL (Lines 7–12). The check is in-
cremental: Sinceevery abstractmodelsimulatestheconcrete

one, a sequence of increasingly re�ned abstractmodelsis
usedto establishthe existence of a counterexample. If any
model e­ in thesequencehasnocounterexample of lengthL ,
neither does theconcretemodel ­ . In the�rst iterationof the
innerwhile loop,(3) is checkedonthecurrent abstractmodel
b­ . If abstractcounterexamplesexist, function ADDLAYER

producesa coarsere�nementasthe next element in the se-
quence.

The loop terminatesas soon as it is known whethera
counterexampleof lengthL exists in theconcretemodel ­ .
Whenno suchcounterexampleexists, if e­ 6= b­ at Line 13,
thentheabstractmodeladmitsspuriousACEs.Therefore,it is
re�ned by addingto bV aminimalsetof variablesfrom eV suf-
�cien t to ruleoutall counterexamplesof lengthL . (Lines14–
15).Theresultingmodel hasnocounterexamplesof lengthup
to L .

Lemma 1 Theabstract model computedat Line 15 of algo-
rithm PURESAT hasno counterexample to P of length less
thanor equal to L .

Proof Let b­ i be the abstractmodel computed at Line 15
whenL = i . By de�nition of re�nement, b­ i hasno coun-
terexamplesof lengthi . We canthenprove by inductionthat
b­ L hasno counterexamplesof lengthi for i < L . Thebase
for L = 0 is trivially established. For L > 0, we canassume
that b­ L ¡ i hasnocounterexampleof lengthlessthanL . Since
b­ L ¡ i is anabstractionof b­ L , acounterexampleof lengthless
thanL in thelatterwould have a matching run in theformer,
which would contradicttheinductive hypothesis. ut

3.2 ConcretizationTest

For eachvalueof L , algorithm PURESAT checkswhether the
concretemodel ­ hasa counterexampleto P of that length.
Thistestproceedsincrementally, startingfrom thecurrentab-
stractmodel b­ , andpossiblyreaching­ . At each iterationof
thewhile loopatLines7–12 of Fig. 4, amodel e­ is checked.
Initially, e­ = b­ ; in theworstcase,eventually, e­ = ­ ; how-
ever, the loop terminatesbeforethis condition is met often
enoughto justify theincrementalapproach.If agiven e­ 6= ­
hascounterexamplesof lengthL , ADDLAYER is invoked to
producethemodel to becheckedat thenext iteration.

Procedure ADDLAYER adds variables from V n eV to e­
with twoobjectives:Toallow theconcretizationcheck tocom-
pletequickly; andto helpproducea betterre�nement if one
is necessary.

When no concrete counterexamples are found, the two
goals are met if ADDLAYER arrives in few iterationsto a
small e­ suchthat EXISTCEX( e­ ,P,L ) returnsfalse. By pro-
ducing a shortsequence of small models,the time spentin
checking for counterexamplesin themis kept short.In addi-
tion, thesizesof theunsatis�ablecoresproducedwhencheck-
ing (3) grow with thesizesof themodels.A smaller e­ there-
fore tendsto save time alsoduringre�nementminimization.
Whenthereareconcretecounterexamples,eventuallythecon-
cretemodel­ mustbechecked.Hence, only a few iterations
of thewhile loop shouldbetaken.



AbstractionRe�nementin SymbolicModelCheckingUsingSatis�ability astheOnly DecisionProcedure 7

setGETREFFROMCA( b­ , e­ ,P ,L ) f
1 nsVarSet= GETNEXTSTATEVARSFROMCDG( e­ ,P ,L );
2 RCArray= SORTCANDIDATEARRAY(nsVarSet,e­ , b­ );
3 suf�cient = ; ;
4 while (suf�cient doesnot kill all length-L counterexamples
5 ^ RCArrayis notempty)f
6 someNsVars= PICKVARS(RCArray, threshold);
7 suf�cient = suf�cient [ someNsVars;
8 RCArray= nsVarSetn someNsVars;
9 g
10 return REFINEMENTM INIMIZATION( b­ ,suf�cient);
g

Fig. 5 There�nementalgorithm

Theserequirements areaddressedby the following pro-
cedure.The variablesin V n eV areranked relative to e­ ac-
cordingto thesamecriteriausedin thecomputationof re�ne-
ment.If thevariablesat the lowestlevel make up lessthana
set fraction of the variablesin V n eV , they areall added to
themodelto obtainthenew e­ . Otherwise,only thatfraction
is added. Sincea variable's level is the�rst sortingcriterion,
all new variablescomefrom thethelowest level; hence, they
areguaranteedto have somein�uenceon thebehavior of the
model.

If theiterationsof thewhile loop aretoo many, thebene-
�t of �nding amorecompactcon� ict coredoesnotoutweigh
thecostof checking themany abstractmodels for counterex-
amples.So, if therestill arecounterexamples after the �rst
few rounds,thealgorithmskipsto theconcretemodel.

3.3 Re�nement

Thegoal of there�nement procedureis to �nd a minimal set
of statevariables not in b­ which,whenadded to theabstract
model, cansuppressall counterexamplesof lengthL . Careis
put into keeping theabstractmodelsmallbecausethesuccess
of theterminationcriterionbasedon(5) and(6) is affectedby
thecomplexity of b­ .

Our algorithmfor picking re�nementvariables is shown
in Fig. 5. When GETREFFROMCA is called, b­ hascoun-
terexamplesto P of lengthL , while e­ doesnotbecauseEX-
ISTCEX just returnedfalse. The addition to b­ of the state
variablesin eV nbV foundin theunsatis�able coreof (3) asnext
statevariablesis suf�cient to suppressall spuriouscounterex-
amplesof lengthL . Variablevi is usedasnext statevariables
in the unsatis�able coreof (3) if wj

i appearsin someclause
in thatcorefor somej between 0 andL.

Suf�cie ncy of there�nementcanbearguedby observing
that the candidatevariables are all the variablesin a set of
clausesfrom which a contradiction canbe derived. Re� ne-
mentwith respectto all thosevariableswill addto the SAT
problemfor theabstractmodel all theclausesthatareneces-
saryto obtainthesamecontradiction.If statevariablevi does
notappearasnext statevariablein theunsatis�able core,then

thecorresponding termTi in (1) is irrelevant to theproof of
unsatis�ability .

Theoriginal “suf�cien t set” (nsVarSetin Fig.5) extracted
from theunsatis�able coremaybenon-minimal; hence, RE-
FINEMENTM INIMIZATION removesredundantstatevariables
from the re�nementset.This proceduretentatively removes
onevariableatthetimefromthere�nementandcheckswhether
EXISTCEX still returnsfalse. Sincetheorder in whichcandi-
datevariablesareconsideredby theminimizationprocedure
affects the result, SORTCANDIDATEARRAY sorts the vari-
ablessothatthoseconsideredlessvaluableareremoved�rst.

Thenumberof redundantstatevariablesin nsVarSetmay
be quite large, causingtoo many calls to EXISTCEX. The
while loop of Lines4–9is usedto heuristicallygeta smaller
“suf�c ient set” for the re�nementminimization: Eachtime,
onlyacertainnumber of statevariablesarepicked fromRCAr-
ray, afterwhich (3) is checkedto seeif they arealreadysuf�-
cient.

In our method, the orderin which statevariablesarere-
moved in the minimizationprocedure is basedon two crite-
ria: the level of eachcandidate statevariableand,as a tie-
breaker, its relativecorrelationto thecurrent abstractmodel.
The level of a statevariable v 2 eV n bV w.r.t. b­ is the least
number of statevariableson a pathin C connectingv to any
statevariable in bV . Thesmallerits level, themoreimportant
v is deemed.Therelativecorrelationof v 2 eV n bV equalsthe
ratio of the number of direct predecessorsof v in C that are
in b­ to thetotalnumber of nodes in theCOI of v. Intuitively,
thelargertherelativecorrelationof astatevariable,thelarger
effect it will have whenaddedto or subtractedfrom thecur-
rentabstractmodel. Thestatevariableswith thelargerlevels
andsmallerrelativecorrelationsareconsideredof lessimpor-
tance, andthuswill betestedfor deletionearlier. In this way,
we canconcentrateon theimportantcandidatesandkeepthe
re�ned abstractmodel small.

3.4 Incremental SAT Solver

An incremental SAT solver exploits the similarities among
SAT instances that form a sequence by using the con�ict
clausesgeneratedfrom the previous instanceto guide the
searchfor a solutionto thecurrentinstance. We assumethat
a sequence of SAT instances (¢ 0; : : : ; ¢ l ) is speci�ed by a
sequenceof pairsof setsof clauses((A0; B0); : : : ; (A l ; B l ))
suchthat ¢ 0 = A0, B0 = ; , and, for 1 · i · l , ¢ i =
(¢ i ¡ 1 n B i ) [ A i . That is, the second and successive in-
stancesareobtainedby removing someclausesfrom the in-
stancesimmediately preceding them,andthenadding some
otherclauses.

If ¡ i is the setof con�ict clausesproduced while solv-
ing ¢ i , ° 2 ¡ i is implied by the conjunction of the clauses
in ¢ i . If B i +1 = ; , it follows that ° is implied alsoby the
conjunctionof theclausesin ¢ i +1 . Adding ¡ i to ¢ i +1 does
not change the answer to the SAT problem, but may help
thesolver by precluding examinationof assignmentsthatare
known not to besatisfying.If, on theotherhand B i +1 6= ; ,
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° 2 ¡ i mayor maynotbeimpliedby ¢ i +1 . However, if none
of theclausesthatwereusedin deriving ° is in B i +1 , thenit
is still correctto add° to ¢ i +1 . This testis conservative, but
inexpensive.

Keeping all valid con� ict clausesfrom previousinstances
mayresultin toomany clauseswith verymany literals,which
may have a negative impact on searchtime. In our imple-
mentation, weaddressthisproblemby modifyingthecon�ict
clausedeletionstrategy: We decreasethe interval between
successive scansof thedatabasefor clausesto bedeleted.To
avoid wastingtime whentherearefew largecon�ict clauses
generated,weuseathreshold.At theendof eachinterval, we
searchfor clausesto be deleted only if the number of new
largecon� ict clausesexceedsthethreshold.

The PURESAT algorithmoffers several opportunities to
apply anincremental SAT solver. In our implementation, we
deal incrementally with two sequencesof instances:One is
thesequenceof checksof (3) (existenceof counterexamples),
theotheris thesequencethatinterleavesthechecksof (5) and
(6) (existenceof simplepaths).In the former, the instances
for thesamevalue of L form monotonically increasingsub-
sequences,in which all con�ict clausescan be re-utilized.
However, when L is incremented, the clausesaccumulated
for modelsotherthan b­ arediscarded.

Twomoreopportunitiesof applyingincrementalSAT solv-
ing exist in thePURESAT algorithm.In theloopof Lines5–9
in Fig. 5, andin re�nementminimization.However, the av-
eragenumber of iterationsof the loop in Fig. 5 is too low to
warrantincremental solving,while theSAT instancesoccur-
ring in re�nementminimizationaremonotonically decreas-
ing; hence,they arenotwell suitedto incremental solving.

4 RelatedWork

Our re�nementalgorithmis basedon computing andanalyz-
ing theunsatis�able coreassociatedwith theproof thatthere
is no concretecounterexampleof lengthL ; hence, it is sim-
ilar to the con�ict analysis methodproposedin [CCK+ 02].
However, our approachdifferssigni�cantly from [CCK+ 02]
in thefollowing aspects:

1. The authors of [CCK+ 02] identify a singlespuriousab-
stractcounterexample (byusingBDD-basedmodelcheck-
ing), togetherwith its failure index. (I.e., the time step
from which theACE is no longer concretizablein ­ .) A
con�ic t dependency graphis built from the unsatis�able
formulaobtained by constrainingtheconcretemodel with
thesinglespuriousACEup to thefailureindex timestep.
The re�nement set is then computed by analyzing the
con�ic t dependency graph.In ouralgorithm,however, we
do not usea singleabstractcounterexample to constrain
theBMC instance(andconsequently we do not compute
the failure index). Rather, unconstrainedBMC instances
(on a sequence of increasingly concretemodels) is used
for theconcretizationtest;suchBMC instancescover all
thepossiblelength-L spuriousabstractcounterexamples.

2. In [CCK+ 02], theinvisiblestatevariables(thosein V nbV )
areadded to there�nement setif their corresponding lit-
eralsat the failure index time stepappearin the con�ict
dependency graph.In ouralgorithm,all theliterals(which
correspondto eitherstatevariablesor internallogic gates
atdifferenttimesteps)appearingin theunsatis�ablecore
arerecordedin the SAT solver. However, only thosein-
visible statevariableswhosenext statevariable literals
appear in the unsatis�able coreareadded to the re�ne-
mentset.

3. Our re�nementminimizationalgorithmis alsosomewhat
differentfrom [CCK+ 02]. Both methods remove redun-
dantstatevariablesgreedily, but they differ in theorderin
which variablesareconsidered.

Our algorithmis alsorelatedto the oneof [MA03]. Al-
gorithmpureSAT startsfrom theabstractmodelandchecks
concretizationfor increasingcounterexamplelengths.By con-
trast, the method of [MA03] analyzes the concrete model;
for somelengthsof counterexamples it builds an abstrac-
tion from thefailedproofof theirexistence.Bothapproaches
check all counterexamplesof a certainlength at once. The
maindifferencesare:

1. We useSAT, insteadof a BDD-basedmodel checker, for
theabstractmodel.Some abstractmodelsaremoresuit-
able to BDD-basedmodelchecking; for instance, those
thathave very long simplepaths.Othermodelshave un-
wieldy BDDs andaremoresuitableto SAT-basedinduc-
tion proofs.Hence,neither approachdominatestheother.
As pointedout in Sect. 1, weexpectacombinationof the
two approachesto provide signi�cant advantages.

2. AlgorithmpureSAT checksconcretizationincrementally.
In many cases,a property can be proved without ever
checking the concrete model. An additional advantage
of this approach is that unsatis�able cores come from
smallermodels.Finally, theabstractmodel providesguid-
ancein checking theconcreteonein theform of con�ict
clausesof themoreabstractmodels that the incremental
SAT solver mayuseto guidethesearchof counterexam-
plesin ­ .

3. Our abstractiongrows at eachre�nement,andwe usere-
�nement minimizationto controlits size,whereas theab-
stractionof [MA03] is computedfrom scratcheachtime.
Re�nement minimization requiresrepeated BMC runs;
these,however, arenot on the full concretemodel.Re-
computing theabstractionfromscratchmayleadtosmaller
abstractmodels. Building it incrementally allows PURE-
SAT to check only for pathsof lengthL insteadof length
up to L .

In [CGKS02,CCK+ 02,WLJ+ 03], oncecounterexamples
of length L are found on an abstractmodel, the concrete
model is checked immediatelyto seeif a real counterexam-
ple of thesamelengthcanbefound.Themethod of [MA03]
also checks the concrete model for increasing values of L .
If theconcretemodel is very large,this approach maysuffer
from the stateexplosion problem. In [BGG02], the authors
proposealayeredreconstructionalgorithm, in which,instead
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of checking directly theconcretemodel whenabstractcoun-
terexamplesarefound, thestatevariablesin V nbV aredivided
into layers,andaseachlayer is added in turn, the resulting
model is checkedfor surviving counterexamplesof length L .
In the PURESAT algorithm,we have adopted a similar lay-
eredapproachin our incremental concretizationtest,with the
following maindifferences:

1. While the approach of [BGG02] is completely basedon
BDDs, our approachis entirelybasedon SAT. Themain
consequenceof this choice is thatwe arelessconcerned
aboutincremental concretizationreaching ­ . We do not
employ backtracking, andwe limit thenumber of re�ne-
mentsduring eachconcretizationtest to save time. We
canalsoeasilybene�t from incremental SAT solving.

2. The computationsof the layersdiffer in the two meth-
ods.In particular, in ouralgorithmweusetwo criteria:the
level of astatevariablew.r.t. thecurrentabstractmodelas
the primary criterion, and the relative correlationas the
secondone.

Applicationof incrementalSAT solvingtoboundedmodel
checkingwasproposedin [WKS01]. In [ES03], anew encod-
ing schemefor BMC waspresented, which allows ef�c ient
useof incrementality. The main observation behind that en-
coding is that removal of unit clausescan be implemented
veryef�cien tly. Our incremental solverdoesnotmakeuseof
thisobservation,andis thereforecloserto theoneof [WKS01].
Unlike either[WKS01] or [ES03], we useincremental SAT
solvingfor abstractionre�nement,ratherthanplain BMC.

5 Experimental Results

To evaluate the technique of Section3, we comparedfour
algorithms:Our implementation of the BMC algorithm of
[BCCZ99], BMC extendedwith thechecks for simplepaths
[SSS00] (referredto asSSS),our PURESAT algorithm,and
the GRAB algorithmof [WLJ+ 03], which usesboth BDDs
and SAT. All four algorithmsare implemented in VIS-2.0
[B+ 96,VIS]. We usedChaff [MMZ + 01] asthe SAT solver.
Weaddedto it theability to extractunsatis�able coresandto
performincremental checks.Theexperimentswererununder
Linux onanIBM IntelliStationwith a1.7GHzIntel Pentium
4 CPUand2 GB of RAM.

Thecomparisonwasconductedon26models,eitherfrom
industry or from VIS veri�cation benchmarks[B+ 96,VIS]
except for lsp. This model wascreatedto illustratethe help
BMC could get from abstraction. A simpli�ed versionof it
appearsin Fig. 1. Since in the concretemodel, the longest
simplepathis quitelong,SSSfailedto complete,even though
PURESAT �nished within onesecond.

Theresultsareshown in Table 1. The�rst columnis the
nameof themodel; thesecondcolumnindicateswhether each
property passesor fails; if aproperty fails, thenumber in this
columnis thelengthof thecounterexample.Thethird column
gives the number of statevariables in the cone of in�ue nce
of the property. The fourth column lists the time of BMC.

A time in parenthesesis the time elapsedwhen the process
ran out of memory. In our experiments,the time limit was
setto 8 hours.The�fth columnis thetime of SSS; thesixth
column shows thetime for GRAB; theseventh columnis the
number of statevariables in the �na l abstractmodel. If the
timeis greaterthan8 hours,thenumber in parenthesesin this
column is thenumber of statevariables in theabstractmodel
when time ran out. The next two columns are the datafor
PURESAT. All CPUtimesarein secondsexceptwhennoted.

The algorithm labeledBMC cancheck inductive invari-
ants.However, no suchpropertiesareincluded in our setof
experiments.From the tablewe canseethat, in general, for
passingproperties, PURESAT is betterthanboth BMC and
SSS. For mostfailing properties BMC is best,while PURE-
SAT is betterthan GRAB. For the largestmodels, like IU,
whoseCOI contains 4493 statevariables,PURESAT is the
onlyonebeingabletoverify theproperty. Interestingly, GRAB

andPURESAT fail to �nish similar numbers of experiments
(4 for GRAB and3 for PURESAT). However, thetwo setsof
failuresaredisjoint.Thisis anencouragingsignfor thedevel-
opment of ahybrid algorithmthatmayswitchbetween BDDs
andSAT for theanalysisof theabstractmodels.

Theeffectsonperformanceof incremental concretization
and incremental SAT solving are shown in Table 2. In this
table,IC meansincremental concretization,NIC meansnon-
incremental concretization,IS meansincremental SAT, NIS
means non-incremental SAT. The sizesof the �nal abstract
models are the samefor PureSAT(NIC, NIS), PureSAT(IC,
NIS), andPureSAT(IC, IS) exceptfor D24-p3(6, 5, 6), D24-
p4(6, 5, 6), andD24-P5(6, 8, 8). Thesesmalldifferencesare
dueto thedifferencesin thesearchorderfollowedby theSAT
solver.

From Table2 oneseesthat incremental SAT solving al-
most always decreasesCPU time. Incremental concretiza-
tion helpsmost of the time, though for somemodels (e.g.,
D20-p1) it is not effective becausemost of the concretiza-
tion checksendupdealing with ­ . Figure6 andTable 3 take
a closerlook at the effectsof incremental concretizationon
model D5-p1.The�gure comparestwo runs,with andwith-
out incremental concretization.Eachgraphshows the num-
bersof statevariablesin themodels andtheCPUtimesasa
function of the counterexample lengthL . Whenre�nement
occurs, both the size of the abstractmodel and the size of
the largest e­ examinedduring the concretization check are
shown as the endpoints of a vertical line. For example,the
�rst re�nementof theinitial abstractionhappensfor L = 22.
Without incremental concretization(left graph), all 319state
variablesare included in e­ , whereas the incremental check
requiresonly theanalysisof a model with 23 statevariables.
In bothcases,b­ contains9 statevariables.

Checking smallermodels reducesthe total CPUtime by
over50%even withoutincremental SAT. Thegraphsof Fig.6
clearly show that the time penalty is incurredwhen re�ne-
ment takes place. Table 3 examinesthe natureof this time
penalty; it shows that the major effect of incremental con-
cretizationis to speedup re�nementminimization. Thishap-
pensbecausesmallerunsatis�able coresareusuallyextracted
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Table1 Experimentalresults.Boldfaceis usedto highlightbestCPUtimes

model pass/ latches BMC SSS Grab PureSAT
cex length in COI time time time �nal sz. time �nal sz.

lsp-p1 pass 12 NA > 8h 1 3 1 3
D12-p1 16 48 5 25 14 23 22 23
D23-p1 5 85 1 1 20 21 1 25
D2-p1 14 94 6 25 180 48 10 48
D14-p1 14 96 65 83 > 8h (75) 1294 79
D1-p1 9 101 1 5 9 21 6 20
D1-p2 13 101 2 12 51 23 13 23
D1-p3 15 101 3 18 56 25 17 23
I12-p1 370 119 > 8h > 8h 2503 16 > 8h (12)
B-p1 pass 124 NA > 8h 173 18 825 18
B-p2 17 124 150 675 93 7 113 7
B-p3 pass 124 NA > 8h 223 43 > 8h (42)
B-p4 pass 124 NA MO(23708) 393 42 > 8h (42)

D22-p1 10 140 2 10 720 132 10 132
D24-p1 9 147 7 10 1 4 1 4
D24-p2 pass 147 NA 16 3 8 8 8
D24-p3 pass 147 NA 1 20 8 3 6
D24-p4 pass 147 NA 1 43 8 3 6
D24-p5 pass 147 NA 1 3 5 3 8
M0-p1 pass 221 NA MO(2537) 136 16 1188 13
D5-p1 31 319 58 592 31 18 53 13
D18-p1 23 506 96 795 > 8h (99) 2721 166
D16-p1 8 531 10 29 92 14 20 14
D20-p1 14 562 26 101 > 8h (69) 7445 229
rcu-p1 pass 2453 NA MO(3115) 195 10 87 10
IU-p2 pass 4493 MO(11331) > 8h > 8h (6) 1060 14
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Fig. 6 Model sizesandCPUtime for D5-p1withoutandwith incrementalconcretization(no incremental SAT in eithercase)

from smallermodels.(Practicalmethodsthatproduce proofs
of unsatis�abilit y do not guaranteeproofs that areminimal
in termsof eithernumber of clausesor variables appearing
in theunsatis�able core.)Minimizationproducesre�nements
of the samesizesfor D5-p1 (1 variable in all cases) with
andwithout incremental concretizationcheck. The time ad-
vantagecomes from examining fewer candidateson smaller
models.

In spiteof theadvantagesof dealingwith smallerunsat-
is�able cores,our experimentsindicate that the number of

rounds in theconcretizationcheck shouldbekeptsmall.We
obtainedthebestresultswhenthenumberof roundswaslim-
ited to two.

Though PURESAT, appearstobereasonably robust,there
areafew casesin whichit performspoorlycomparedto com-
petingtechniques.Thepro�le sof two suchrunsareshown in
Fig. 7.

ModelD20-p1is representativeof agroup, includingalso
D14-p1andD18-p1, for which PURESAT doessubstantially
worsethanBMC andSSSonfailingproperties.Theleft graph
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Fig. 7 Two hardproblemsfor PURESAT: D20-p1(left) andb-p3(right)

Table2 Comparisonbetween PureSAT with andwithout incremen-
tal concretization(IC) andwith andwithout incrementalSAT (IS).
Boldfaceis usedto highlightbestCPUtimes

model NIC,NIS IC,NIS IC,IS
time time time

lsp-p1 1 1 1
D12-p1 33 26 22
D23-p1 2 2 1
D2-p1 20 22 10
D14-p1 1393 1345 1294
D1-p1 9 8 6
D1-p2 19 23 13
D1-p3 28 17 13
I12-p1 > 8h > 8h > 8h
B-p1 846 857 825
B-p2 316 198 113
B-p3 > 8h > 8h > 8h
B-p4 > 8h > 8h > 8h

D22-p1 15 18 10
D24-p1 2 2 1
D24-p2 8 9 8
D24-p3 2 5 3
D24-p4 4 2 3
D24-p5 3 3 3
M0-p1 2826 2134 1188
D5-p1 222 98 53
D18-p1 3875 2844 2721
D16-p1 29 24 20
D20-p1 7292 7717 7445
rcu-p1 123 87 87
IU-p2 1683 1568 1060

in Fig. 7 shows that incremental concretizationis not effec-
tive for D20-p1. As a consequence,re�nementminimization
is expensive, andaccountsfor themajority of theCPUtime.
In this case,theeffort put into keeping theabstractmodel b­
small is wasted:thepropertyis eventually found to fail, and
for thevalues of L up to 31 (the lengthof theshortestcoun-
terexamples),the simplepathchecks of (5) and(6) arenot

Table3 Comparisonof re�nementprocedureswith andwithout in-
crementalconcretizationfor D5-p1

Ref. Variablesin core Ref.min. time Concr. time
Round NIC IC NIC IC NIC IC

1 17 8 11.24 5.62 3.29 0.51
2 16 8 14.61 7.34 4.64 0.59
3 22 7 19.16 6.51 4.42 0.53
4 50 6 78.69 5.72 7.41 0.61

very expensiveeven on theconcretemodel—aswitnessedby
theCPUtime of SSS.

For model b-p3,PURESAT runsoutof time,while GRAB

provesthatthepropertypassesin lessthanfour minutes.The
right graphin Fig. 7 shows that PURESAT quickly reaches
thestagewherenocounterexamplesarefoundin theabstract
model, but thenit is unable to reachavalueof L suf�cien t to
prove theproperty true.In thiscase,thegraphshowsalsothe
time (S.P. time) spentin checking (5) and(6), which clearly
dominatesthetotalCPUtime.It is consistentwith thisobser-
vation that SSSalsorunsout of time on b-p3.Even though
theabstractmodelproducedby PURESAT hasonefewerstate
variablethantheoneof GRAB, abstractionfailsto suf�ciently
reduce thelengthof thelongestsimplepaths;hence,aBDD-
basedapproach like the oneof GRAB (or [MA03]) is more
effective.

Sincechecking for simplepathsis sometimesexpensive,
onemaychooseto useonly oneof (5) and(6). However, in
our experiments,both testscontributedto establishtermina-
tion for passingproperties.Whenthetestfor (5),which is the
mosteffectiveof thetwo, wasdisabled, thenumberof exper-
imentssuccessfullycompleteddecreased,andno signi�cant
speedupswereobserved.

6 Conclusions

We have presentedan abstractionre�nement algorithm for
model checking safetypropertiesthat usesa SAT solver as
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sole decisionprocedure.We have compared this algorithm
to bothBMC andto anabstractionre�nementalgorithmthat
usesboth BDDs andCNF SAT. The new algorithmis com-
petitiveandwastheonly oneto completethelargesttestcase.
Our implementationis still preliminary. We areinterestedin
theextensionof thetechniquesof [WLJ+ 03] to theSAT en-
vironment. This is not anentirely trivial task,sincethey are
basedon the knowledgeof the setsof statesat variousdis-
tancesalong thepathsconnectinginitial statesto errorstates.

By its very nature,the PURESAT algorithmsuffers, al-
beit in attenuated form, from the sameproblemsthat af�ict
the basicprocedure usedin analyzing the abstractmodels.
Improvementslike thoseproposed in [McM03] may boost
PURESAT's performance. Improved extraction of unsatis�-
ablecoresmayspeedup theabstractionminimizationphase,
which is currently the most time consumingpart of the al-
gorithm. More generally, the integrationwith a BDD-based
approachto theanalysis of theabstractmodel shouldleadto
a more robust andpowerful approach to abstractionre�ne-
ment.
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