Software Tods for Technology Transfer manuscript No.
(will beinsertedby the editor)

Abstraction Re nement in Symbolic Model Checking Using Satis ability asthe

Only DecisionProcedure’

Bing Li, Chao Wang, Fabio Somezi

University of Coloradoat Boulder
e-mail:f bliw angc,Fab io g@Color ado.EDU

Receved:date/ Revisedversion:date

Abstract We presentan abstractionre nementalgorithm
for modelcheding of safetypropertieghatreliesexclusively
on a SAT solver for checlkng the abstracimodel, testingab-
stract courterexanples on the corcrete model, and re ne-

ment.Modd cheding of theabstractiosis basednbouwunded
modé checking exterded with cheds for the existerce of

simplepathghathelpin dedding passingropeties.All min-

imum-lengh spuriouscounterexamplesareeliminatedin one
re nementstepby an incrementh procedure that combkines
the analysis of the conict dependency graphproduwced by

the SAT solver while looking for conaete counterexamples
with aneffective re nement minimizationprocedire.

1 Intr oduction

Modd chedking [CGP99 is an algaithmic approah to the
veri ¢ ationof propertiesof reactive systemswhich hasbee
succasiully appliedto both hardware and software. Since
modd chechling entailsthe exploration of a potertially very
large statespacethe alleviation of the so-calledstateexplo-
sion prodem hasbeenthe object of muchresearchOn the
onehand techniqieshave beendevelope thatallow modds
with hurdredsof statevariablesto be andyzed directly. On
the otherhard, abstractiorhasbeenusedto allow the model
checker to draw corclusionson the original, concrée model
by examining a simpler abstracbne

For systemswith mary statevariablesand mary transi-
tions,the symbdic appoachhasproved crucid. In symbolic
modd cheding, setsof statesand transitionare describel
by their charateristicfunctions. Variousforms of represen
tation have bean usedfor thesefunctions, the most popular
beingBinary Dedsion Diagrams(BDDs) [Bry86], andCort
junctive Normal Form (CNF).

ClassicaBBDD-bas& model checking [McM94] is based
on the computationof xpo ints. For instance the reathable
statesof a model are conputedasthe least xpoint of the

? Thiswork wassupportedn partby SRCcontract2003-TJ-920.

function,Z :1 _ SucdZ), which adds the succasorsof the

statesin Z to the initial states.Both the set of statesand
the successorelationarestoredasBDDs. The xpo int com-

putationcornvergesin a numter of iterationsthat equals the

maximum distanceof areachéle statefrom theinitial states.
Checking for corvergerceis madeeasyby the strongcaron-

icity of BDDs (identical setssharethe samerepresentdon).

BDD-based model cheking canthereforeprove properties
almostaseasilyasit candisprove them.

BouncedModd Chedking (BMC) [BCCZ9], ontheother
hard, formulateghereachaility testasa seriesof satis abil-
ity (SAT) checksfor pathsof boundedlengh. (To seef apath
of lengthk to a setof statesexists, the transitionrelationis
unrolledk times.)For nite systemghe procesamusteven-
tually terminate Thelengthof the shortespathbetweentwo
statescanna exceedthe numbe of statesHene, if no path
is found with length up to the numter of states the target
statesare known to be unreatable.This obsenation, how-
ever, doesnot help for the kind of modéds that one encaun-
tersin pradice. The diameterof the stategraphwould give
a much betterbourd on k, but, unforturately, it is hard to
compute [BCCZ99]. For this reason BMC hascometo be
regarded asan excellentdehugging (asoppasedto veri ca-
tion) technque. That is, classicalBMC is particularlyadep
at nding counterexamples,but ill-suited to prove their ab-
sence

The ability demorstratedby BMC to deal with modds
beyond the reachof BDD-bas&l method hassparled inter-
estin the useof CNF and SAT for proof aswell asrefuta-
tion. Two main appro@heshave been pursuel: Thereplace
ment of BDDs with CNF formulaein the xpoint compu
tation [ABEOO, WBCG0QMcMO02], andthe development of
moreeffective terminationcriteriafor BMC.

The opportunity of repladng BDDs with CNF formulae
canbe agueal on the grourds that canaicity of representa
tion makes BDDs somevhat in e xible. Hene, somefunc-
tions that adnit conpact representidons in CNF have ex-
cedalingly large BDDs. However, the in e xibility argument
canalsobe usedagainst CNF, and memazation technques
aremoreeffective for BDDs. In fact,to date,CNF-basedx-



Fig. 1 Modelwith long simplepath

point compuation hasnot demastrateda corsisent adwan-
tageover the classicalBBDD-basedone.One may amguethat
themainreasorfor thesuccessf BMC in ndin g countere-
ampledliesin its avoidarce of the needesscompuationand
storageof reachale stateghatarenotontheerrortrace.

Several propasalshave been mackto improve BMC'sabil-
ity to prove the non-&istenceof a path.It is straightforvard
to check for inductive invariarts, sinceit only entailscheck-
ing for the existenceof a transitionfrom a statethatsatis es
theinvariantto onethatdoes not. An extersionof theinduc
tive appro@h hasbee presentedn [SSS0(, in which ter
minationoccus assoonasthe lengthof the pathreaclesthe
length of the longestsimple pathfrom aninitial state,or to
atagetstate A recen paperfMcMO03] propcesthe analysis
of the unsatis ableformulaeto allow terminationwhen the
reversesequetial depth of themodd is reacted.

Early terminationin BMC requiresadditionad cheds be-
yond the one for the existenceof pathsof certainlenghs.
Thesecheds translateinto more clausesn the CNF formu-
laewhosesatis ability hasto beestablished~or theapproach
of [SSS®@], the numker of extra clauseds qualratic in the
lengthof the path.As aresult,it is not surprisingthat nd ing
counterexamplesis slower thanwith pure BMC. The extra
cost,however, appearsto beworth paying sinceit increses
substantiallythe fraction of passingpropertiesthat can be
dedded. Unfortundely, thereremaininstances for which the
addtional terminationtestsaretoo expensie!. Considerthe
modéd illustratedin Fig. 1.1t has2n+ 2 statespneof whichis

able) tamget states.The longest simple path from the initial
statehaslengthn + 1, while thelongestsimplepathto atar
get statethat doesnot visit ary othertamget statehaslength
n=2; the reverse sequatial depthof the modd is alson=2.
Hene,themethod of [SSS®,McMO03] will haveto conside

1 In [KS03] it wasshavn how to reducethe numberof clausego
O(k log? k). However, theextra clausego enforcesimplepathsstill
represenasigni cant hurdlefor the SAT solvers.
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Fig. 2 Abstractionof themodelof Fig. 1

pathsof lengthn=2 beforethey candedare the target states
unreg&habe. By contrasttheforward sequetial depthis 2.

Fig. 2 shavs anabstractiorof the model of Fig. 1. States
A, Bj, C,andD; areabstractethy ®, i=n ¢, °, aNdpoi=n c,
respectiely. Thetargetstateremainsunreatiablein thismodé,
andtheforwardsequetial depthis still 2; however, thelongest
simple path and the sequatial depthare redwced. Thouch
in gereralthereis no guaanteethat abstractiorwill shorten
or even not lengtren the longestsimple paths,or the short-
estpaths,this exampleillustrateshow abstractiormay help
BMC, espedlly for passingproperties.

AbstractionandBMC have bea combinedin morethan
onerecentwork, espe@lly in the cortext of abstractiorre-
ne ment.In abstractiorre nement [Kur94], one startswith
a coaseabstractiorof the given corcretemodd andkees
re ning it until the property is dedded. For universal prop-
ertieslike the reaclability propertiesthat are the focus of
this article, this often mears that the abstractmodelssimu-
late the corcreteone[Mil71], andthateitherthe propertyis
shavn to hold on an abstractmodd, or a counterexample is
foundin thecorcreteone.In [WHL* 01, CGKS02CCK* 02,
WLJ* 03] BMC is usedto chek whethercounterexamples
foundin theabstractmodelscanbeconaetized thatis, whetrer
a conterexample can be found in the conaete model that
is mapped by the abstractioronto the abstractcourterexant
ple. The rst threeof thesemethod alsoanalyz the failed
corcretizationtestto guide the re nement. Therefore,they
represeninstance®f counterexample-guickd abstractiorre-
ne ment.Ontheotherhand [WLJ* 03] andyzestheabstract
modd to dedde how to re ne it. Yetanothe appro&his the
oneof [MAO03], in which the abstracimodd is derived from
a failing BMC run on the concrete mocel. This reversal of
the customay orderis attractive for thosefrequentcasesn
which pathsof moderatdengthcanbe easilycheckedonthe
corcretemodd.

One comman trait of the appro&hesto abstractionre-
ne mentmentione sofaris theapplicationof a BDD-based
modd cheder to the abstracimodels,andof SAT solversto
the concrée ones. By cortrast,the objectie of this articleis
to explorewhatcanbeachievedwith a SAT solverastheonly
dedsion procedire in the abstractiorre nementframeawork.
The rationalefor combining BDDs and SAT is that eachis
well-suitedto thetaskassignedo it: The SAT solveris good
at checking the existenceof a path of a given lengthin a
large modd, whereasthe BDD-basedmodelchecker is bet-
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terat proving the abseie of certainpatts, regardessof their
lengths,in amodelof modeatesize.This obsenation is cer

tainly well motivated when oneregardsthe mocdelsfor which

abstractiorre nementresultshave beenreportedn theliter-

ature;their sizesrarely exceed1,000binary statevariales.
As the modds grow larger, however, we expectanappoach
purelybasedn SAT to becanemorecompditive. Therefore,
our god is to eventudly be able to switch betwe@& BDD-

basednodelchedking andSAT-basedechniqiesfor theand-

ysisof the corcretemodel. In this article we reporton a sig-
ni cant stepin thatdirectionby preseting an algorithmfor

abstractiorre nementthatis purdy basel on SAT.

Our appro&h is similar to the onesdiscussedso far in
thefactthatabstractionareobtainal by remaoving partof the
statevariablesof themodé; re nementthenconsistof rein-
statingsomeof theremovedvariablesThealgorithmhasfour
major componerts: the dedsion procedure for the abstract
modé is the one of [SSS®@], which hasalreadybeen men
tioned.Thesecon componentis thecorcretizationtest:asin
[BGGO0Z, agradwal re nementappro@htriesto prove court
terexamples spuriouswithout resortto the conaete mode.
Thethird compment—thechoiceof the re nement—males
useof elemetts of [WLJ* 03], [MA03], and[CCK* 02]. Like
the rst two, it addessesll theabstractounterexamplesof a
certainlengthat onae; like thelasttwo, it analyzsthe proof
of nonexistenceof counteexamges of a certainlengh to
derive a setof cardidatestatevarialdes from which the ones
thatwill be addedto the abstractmocel arechasen.Finally,
thefourth componert is a heuistic procedire for abstraction
minimization This minimization is quite importantin our
appoach,beausethe simultaneas elimination of all spu-
rious courterexamples of a certainlengh tendsto geneate
large setsof cardidate variables.Our experimentalevalua-
tion of the SAT-basedabstractiorre nementalgarithm com
paredit to bothBMC (with andwithout terminationchecks
for passingpropeties) andto the bestabstractiorre nement
algorithm available to us [WLJ* 03]. The results,discussed
in Section5, shaw that the new approah, thoughnot uni-
formly superior is morerobustthanthe others,andis espe-
cially promisingfor themorechdlenging problerrs.

2 Préliminaries

2.1 Open Systems

open systemis a4-tuple
hWV;W;I;Ti

whereV is the setof (current)statevariables, W is the set
of combindional variades,| (V) is theinitial statepredicate,
andT (V; W; V9 isthetransitionrelation. Thevariablesn V°

W3

W1 Wy V5

Vv Y
V?_ 1 2

Fig. 3 A sequentiatircuit de ning anopensystemwith n = 2 and
m = 3. Therectanglesepresenbinarystateelements

arethenext statevariables. All setsare nite, andall variables
rangeover nite domairs.

We assumehat T (V; W; V9 is given by a circuit graph,
thatis, by alabeled graphC= (V [ W; E) suchthatm | n,
nocev; 2 V islabeledby w; 2 W, nodew; 2 W is labded
by aBodeanformulaT; = w; $ +(V; W), (w;;v;) 2 E for

iff X apparsin 4. Thetransitionrelationis thende nedby:
N N

T(V;W; V9 = (Vs w)

1. i-n 1.i-m

Ti(W;Vv) © (1)

In asequatial circuit, thevariadesin W areassociateavith
the primaryinputsandthe outputsof thecomhnationallogic
gatesof thecircuit; thevariablesin V areassociatedvith the
memay elemerts. Eac T; is calleda gaterelation becaise
it usuallydescribeshebehaior of alogic gate.For instance
if w; is the output variable of a two-inpu AND gate with
inputsw; andvy, thenT; = w; $ (w; * vi). If, ontheother
hard, w; is a primaryinput to the circuit, thenT; = 1. Eact
termof theform v? $ w; equatesa next statevarialde to a
combnationalvarialde. (The outpu of the gate feedingthe
i-th memay element.)

A statevariabley; is saidto bein the direct supportof
variablev; (w;) if v; is conrectedto v; (w;) by apathin C
thatgoesthroughnodesin W (logic gates)only. Variabley;
is in the core of in uence(COI) of v; (w;) if thereis a path
(of ary kind) conrectingy; tov; (w;)in C.

Examplel Figure 3 shavs a simple sequatial circuit with
two statevarialles. Thetransitionrelation(1) is given by

TV;W; VY = ()8 wi)h (VI8 wo) (w2 $ (wahvy))

NotethatT; = T3 = true. If the only initial stateof the
circuitisvy = O;vy = 0, thenl (V) = : vi  : v,. Variable
vy isin thedirectsupportof w,, andin theCOl of v,.

2.2 Proving SafetyPropeties

An opensystem de nesalabeledransitionstructuran the
usualway, with statesQ. correspodingto thevalugionsof
thevariablesin V, andtransitionlabelscorrespoding to the
valuationsof the variablesin W. Corversely a setof states
S u Q. correspondtoaprediateS(V) orS(V9. Prediate
S(V) (S(V9) is thechaacteristicfunctionof S expressedn
termsof the curren (next) statevariables. Stateq2 Q. isan
initial stateif it satis esl (V). StatesetS u Q. isreadable



from statesetSPin k stepsf thereis a pathof lengthk in the
labeledtransitionstructurede nedby - thatconnetssome

statein S°to somestatein S; equialentlyif
AN

SAME TV LWLV ASVE) ()
10k

is satis able. StatesetS is reachéle from SCif thereexists
k 2 N suchthatS is reactablein k stepsfrom S° A stateset
is reachale (in k steps)if it is reachéle (in k steps)rom | .
Whenno corfusion ariseswe shallidentify a stateq 2 Q.
with thesetf qg. A nite (in nite) sequeneof states422 Q°
(2 Q' )isa nite (in nite) runof - if the rst stateis initial,
andevery otherstateis reactablefrom its predeessoiin one
step.The setof all possiblerunsof - is thelanguae of - ,
derotedby L (- ).

A lineartime safetyproperty P of - is a subsetof Q'
suchthatary in nite sequeneover Q. notin P hasa nite
pre x that camot be extendedto a sequene in P [AS85].
Opensystem- satis es safetypropety P if L(- ) n P.
Chedking the satishctionof an! -regular safetypropety P
by anopen system canberedu®dto thereachdility prob-
lem by composing- with anautormatonAp thataceptsthe
inextensiblepre x es of thesequenesnotin P. The property
is satis ed by the opensystemif no stateof the conposition
- k Ap thatprojectson anacceting stateof Ap is reach
able.In the sequé we restrictoursehes to ! -regular safety
propeties,andassumehatthe given open systemalreadyin-
corpaatesthe propaty automaon. This assumptiorallows
usto identify the propety with a setof statesof the system,
whichwe alsodende by P . Hence, propertyP is satis edby
- if thereisnok 2 N suchthat

N
1 (VO)~ TViLwhvhya:pvk)  (3)
1-i- k
is satis able.An invariantis a safetypropety thatstateshat

a certainpredicde holdsof all reactable statesof - . In this
caseP is thesetof stateghatsatisfythatpredicate.

Exanple 2 Continuirg Examplel, suppaethatP (V) = : vs.
Thenacournterexanple of length2to P canbefoundby solv-
ing

N 1 1 1 1
Vit vt (v owp) M (v $ ow)t
1 1 0 2 2
(w; $ (wg"v) ™ (vi$ wph
2 2 2 2 1 2 .
(V2% wi) ™ (wy$ (wz”vp))v; e
A satisfyingassignmentor this formulais
SN T VIAWEA WA VA VEAWEA WA WEA VEA VS
Thevalue of wi isirrelevant. t

The searchfor a k suchthat (3) is satis able can obvi-

in theory the processis guaanteedo terminateln practice,
the number of statesis too large to be of ary practica use,
andtighteruppe bourdsfor k aresough. In modé checking
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appoachathatarebasedn xpo int computationgMcM94,
ABEQ0,WBCGO0Q McM02], the maximumvalue of k is pro-
vided by the numbe of iterationsneecakd to reachcorver-
gerce. On the otherhard, for algaithmsthatdirectly ched
the satis ability of (3), the diameterof the graph[BCCZ99
or bourdsobtainedfrom the structure of the hardvaremodé
have beenpropsed[BKA02]. Herewe summarizea methal
propcsedin [SSSO0Q thatis of particula interestto us.

A simplepathis onethat visits a stateat mostonce If
somestatein : P is reactable,theremustexist a simplepath
from aninitial stateto it thatdoes not go throughary other
statesn | or: P. Hene,if nosimplepathof lengthk exists
suchthatits rst stateis initial andno other stateis initial,
or suchthatits nal stateis in : P and no other stateis in
: P, then,thereis no pathof lengthgreateithanor equa to k
comectinga statein | to a statein : P. If in addtion, there
is no path of lengthlessthank conrecting!l to : P, then
- F P.Twosetsof statesS°andS areconrectedby asimple
pathof lengthk in - if

N
§k(S%S) = sV~ T(VILWEV)
1k,
A S(Vk) A
0-j<i -

viev) @
k1-1-n
is satis able.Checkngthetwo condtionsaborethenamourts

to checking thateitherof thefollowing formulaeis unsatis -

able:
N

§k(1;Q) " (V) (5)
0<i/\' k
8k(Q;: P) A P(V') : (6)

0- i<k

Notethatthe predcatecorrespoding to the setQ is true.

2.3 AbstractionRe nement

AbstractinterpretatiofCC77] providesavery e xible frame-
work for the descriptionof abstractionln this article, how-
ever, we conside the following restrictedde nition. Open
systemP = HP; %v; B, Pi is anabstactionof - if

-buv;

-W =W [ (Vn¥)

— W, g W suchthaty; 2 ¥ impliesw; 2 W;

- BAP) = 9(v nb):1(v);

- PO; W99 = 9(vnb): 9w nw):

9Von®Y : T(V;W;VY:

(Notethatw; is the combirationalvariade associatedo v?.)
This de nition entailsthat simulates[Mil71] - . Herce,
every run of - hasa matchirg runin B. Property® is the
abstractiorof propertyP with respecto b it Ib(‘t?) =8(Vn
V) :P(V). If P isan! -regular propaty and-P satis es (or
modds) B, then- satis esP. Thatis,

bebr - P 7
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This preseration resultis the basisfor thefollowing abstrac-
tion re nementapproa@h to the veri cation of P. Onestarts
with a coarseabstraction?, of the conaete opensystem
- and checks whether®y = B,. If thatis the case,then
- F P; othawise,thereexistsaleastk®2 N suchthat

POy~ T L)~ o)

1-i- kO

(8)

is satis able.Thesatisfyingassignmetsto (8) aretheshortest-
length abstact counterexanples (ACES). If b, 6 B, one
or more ACEs are checked for concetization That is, one
checks whether (3) hassolutionsthatagreewith the ACE(S)
beingchecled.Becauseof theadditionad constraintsprovided
by the ACEs,aconaetizationtestis oftenlessexpensive that
the satis ability ched of (3). However, its failure only indi-
catesthatthe abstractkerrortracesarespurious.Thereforef
the conaetizationtestfails, onechoosesare ned abstraction
b, andrepeatghe processuntil oneof thesecaseccus.

1. bi F IhI for somei, in whichcase- E P isinferred.

2. The corcretizationtestpassedor somei, in which case
it is corcluded that- & P andthesatisfyingassignment
foundis returnedascourterexanpleto P.

3. The re nement eventually producesbi = - .In this -
nal casethe satis ability chedk of (8) answerghe model
checking questiorcondusively. Thisis anundesirableout-
comebecaisethe purposeof abstractioris defeate.

Whenthere nement £;,; of b; is chasenwith the help of
theinformationprovidedby thefailedcorcretizationtest,one
talks of courterexamge-guidedabstractiorre nement.
Thecore of in ue nce(directsuppat) of a propertyis the
union of the cores of in ue nce (direct supports)of all the
variadesmentionel in thepredcatethatde nesthepropety.
Coneof-in uenceredudion refersto theabstractiornn which
V¥ is the COI of the propety. It is commaly apgied before
ary modelcheding is attemptedbecaiseit satis es
bEbs - P ©)
Exanple 3 For the circuit of Fig. 3, considerthe following
abstraction?:

-V = fyvg;
—-W = fwy;ws;vig;
—b(‘{?) =1 Vy

—POPW; 09 = (VS wo) A (Wo S (Ws A va).

SupposeP (V) = Ib(‘b) = : V,. Thenfrom (8) one nds that
a cownterexample of length 1 existsin b by solving

L0 1 1 1 Tal 1.
VRN (v2$ wy) M (wa B (w3 hvp)) Mg

Theonly satisying assignmenis : v§ » w3 A wi A vi A vl
Note thatthis ACE camot be conaetizedbeausev? camot
besetto 1 in thecorncretemocel. After re nementadds v, to
v, b = - Thecowntereample foundin Exampe 2 there-
foreshovsthat- 6 P. u

2.4 Satis ability Solves

Many modan SAT solvers are basedon clauserecording
Wherever they detectaconicting assignmetto aformulaf
(onethatcaused to evaluateto false, they corjoin aconict
clausetof . Thenew clausepreventsthesolver from attempt-
ing the sameassignmenagain. It may alsoexclude from fu-
ture corsiderationotherpartsof the searchspacethatcanbe
inferredto cortain no satisfyingassignmentsSud inferen@
is basedon the analysis of the so-calledimplication graph,
which shavs which decisionsandclausesareresponsibldor
the con ict. A SAT solver maintainsthe implication graph
by recordirg, for eachassignmentthe level at which it was
madé, whether it wasa decision,andif not, the clausethat
implied it. Whena con ict is deteg¢ed, a cut separatinghe
sink of theimplicationgraphfrom the sourcesdenti es a set
of assignmentsufcient to causethe con ict. The disjunc-
tion of the negation of thoseassignmentss acon ict clause.

The clawsesthat make up the edges of an implication
graphbetween the cut and the sink can be usedto explain
thecon ict clausededicedfrom it. Whenusinga SAT solver
in modd chedking basedon abstractiorre nement,thereare
two importantreasongo keep track of the explanationsof
conict clause. The rst reasonis the ability to idertify an
unsatis able core [GN03,ZMO03] of the given formulawhen
it is indeal unsatis able. This can be dore by recursvely
replacirg con ict clauseswith thoseappering betweea the
chosencut andthe sink in the implication graphsthat pro-
ducedthem.The processstartsfrom the nal conict clause
andterminatesvhen only clausesof the original formulaare
left. Whenthe check for existenceof courterexamges of a
certainlengh fails, the unsatis able core prodiced by the
SAT solvercanbeusedto guidethere nement of theabstract
mode.

Thesecondeasorto presere the mappirg betwea con
ict clausesandthe edges of their implication graphsis to
helpin theincremental solutionof sequenesof SAT instances
[WKS01,ES03. If f andf °aretwo CNF formulae,and® is
acon ict clauseof f , then® is alsoa conict clauseof f ©
if f9 contans all the clausesof f in the implication graph
for ° up to the cut thatidenti es °. Therefore,if f °is ob-
tainedby slight modi cation of f , mary con ict clausesle-
rived in cheking the satis ability of f may be addel to f ©
inexpensvely if their “explanatiors” in termsof clausesf f
aresaved As aspecialcase,f f ° contdns all the clause of
f, thenall conict clausededu@d while cheding the sat-
is ability of f arealsovalid for f °. Sequen@sof closelyre-
latedSAT instancesarefoundin ouralgarithm for abstraction
re nement. They arediscussedn Sedion 3.4 togetter with
the exploitation of inheritedconict clausedo speedup SAT
checking.

2 Thelevel startsfrom O; it is incrementedt every new decision;
andit decreasewhenthealgorithmbacktra&s.



booleanPURESAT(- ;P;O) f

1 L=0;

2 b= CREATEINITIALABSTRACTION(- ,P);

3 while(P6-)f

4 if ¢ CHECKSIMPLEPATH(D,P L))

5 return TRUE;

6 £=b.

7 while (Ex1STCEX(€,P L)) f

8 if (&==-)

9 return FALSE;

10 else

11 € = ADDLAYER(;- ;C);

12 g

13 if (€6 b)f

14 re nement= GETREFFROMCA (D, € P L);
15 b = ADDREFTOABSMODEL(P, re nement);
16 g

17 L=1L+1,

18 g

19 while (CHECKSIMPLEPATH(- ,P,L))f
20 if (Ex1sTCEX(- ,P,L))

21 return FALSE;
22 L=1L+1,

23 g

24 return TRUE;

¢}

Fig. 4 ThePureSA algorithm

3 Algorithm

In this sectionwe presentinalgorithmfor abstractiorre ne-
mentthat usesSAT as dedsion procedire on both abstract
and corcretemodds. The input to the algorithmis an open
system = hV;W; I ;Ti whosetransitionrelationT is spec-
i ed byacircuitgraphC= (V[ W; E), andaprediateP (V)
describinga setof ac@ptingstatesWe assumehatconeof-
in ue ncereductionis appliedbeforeinvoking the abstraction
re nementproceluresothatall verticesof C arein the COI
of the property.

3.1 ThePureSA Algorithm

Our algorithmis shawvn in Fig. 4. Initially, anabstracimodel
b is compuedby colledingin ¥ only thestatevariaesthat
appearin P(V); herce, b=p throughaut. In Lines 3-18
thealgorithmprogressiely increased from its initial value
of 0 until eithera courterexanple of lengthL is foundin the
corcretesystem- , or it is corcludedthat no courterexam-
ple existsin the currentabstractimodd b if at somepoint,
theabstractnodd bemmestheconaetemodd, theendgme
describedn Lines19-24 is executel.

For ead lengthL, (5) and(6) arecheckedto seewhethe
the simplepathconditionsaremet. If eitheroneis unsatis -
able,the propety holdsandthe algarithm terminates.

Otherwise,the algorithm chedks whethe there exists a
counterexample of lengthL (Lines 7-12. The check is in-
cremettal: Sinceevery abstracmodelsimulateghe conaete
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one a sequepe of increasingly re ned abstractmodelsis
usedto establishthe existene of a counterexample. If ary
modé -€ in thesequecehasno counteexamde of lengthL,
neithe doestheconaetemode - . In the rst iterationof the
innerwhile loop, (3) is checledonthecurrert abstractnodd
b i abstractcounterexamplesexist, function ADDLAYER
prodwcesa coasere nementasthe next elemen in the se-
guence.

The loop terminatesas soonasit is known whethera
counterexample of lengthL existsin the concretemode - .
Whenno suchcounterexample exists, if € 6 b atLine 13,
thentheabstracmodeladmitsspuriousACEs.Thereforejt is
re ned by addingto ¥ aminimal setof variablesrom ¢ suf-

cienttoruleoutall courterexanplesof lengthL . (Lines14—
15). Theresultingmodé hasno courterexanplesof lengthup
toL.

Lemma 1 Theabstiact modé computedat Line 15 of algo-
rithm PURESAT hasno courterexampe to P of lengh less
thanorequd toL.

Proof Let b; be the abstractmodel comptted at Line 15
whenL = i. By de nition of re nement, bi hasno coun
terexamplesof lengthi. We canthenprove by inductionthat
b, hasno counterexamplesof lengthi fori < L. Thebase
for L = Oistrivially establishedFor L > 0, we canassume
thatH, . i hasnocourterexampleof lengthlessthanL . Since
b._i i isanabstractiorof bL , acounterexampleof lengthless
thanL in thelatterwould have a matchirg runin theformer,
whichwould cortradicttheindudive hypothesis. t

3.2 ConceetizationTest

For eachvalueof L, algaithm PURESAT checkswhethe the
corcretemocel - hasacounterekampleto P of thatlength
Thistestproceelsincremetally, startingfrom thecurrentab-
stractmode P, andpossiblyreading- . At ead iterationof
thewhile loop atLines 7-12 of Fig. 4, amodel-€ is checked
Initially, € = P; in theworstcase gventudly, € = - ; how-
ever, the loop terminatesbeforethis condtion is met often
enaighto justify theincremental appro&h.If agiven € 6 -
hascounteexamges of lengthL, ADDLAYER is invoked to
prodwcethe modé to bechekedatthe next iteration.

Procedire ADDLAYER adds variadesfromV n'¢ to €
with two objectives:To allow theconaetizationched to com-
pletequickly; andto help prodice a betterre nement if one
is ne@ssary

When no conaete counteexamges are found, the two
gods are met if ADDLAYER arrivesin few iterationsto a
small-€ suchthat ExisTCEX(<,P L) returnsfalse By pro-
dudng a shortsequene of small models,the time spentin
checking for counterexamplesin themis kept short.In addi-
tion, thesizesof theunsatis able coresprodicedwhenchek-
ing (3) grow with the sizesof themodels A smaller€ there-
fore tendsto save time alsoduring re nementminimization
Whenthereareconaetecountegexamges,eventuallythecon
cretemodel- mustbechedked.Hence only afew iterations
of thewhile loop shouldbetaken.
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SetGETREFFROMCA(L, € P L) f
ns\arSet= GETNEXTSTATEVARSFROMCDG(€,P L);
RCArray= SORTCANDIDATEARRAY (ns\arSetf ,b);
sufcient =; ;
while (sufcient doesnotkill all lengthL counter@ampes
N RCArrayis notempty)f
someNs¥rs= PIck VARS(RCArray, threshold);
sufcient = sufcient [ someNs¥rs;
RCArray= nsVarSetn someNs¥rs;

O©CoO~NOOOUDWN PR

g
10 return REFINEMENTMINIM |ZAT|0N(b,sufcient);

g

Fig. 5 There nementalgorithm

Theserequiremets are addressedby the following pro-
cedure. The variablesin V n'® areranked relative to € ac-
cordingto thesamecriteriausedn thecomputationof re ne-
ment.If the variades at the lowestlevel make up lessthana
setfraction of the variablesin V n ¢, they areall addel to
the modelto obtainthe new €. Otherwise only thatfraction
is added Sinceavarialde's levd is the rst sortingcriterion,
all new variadescomefrom thethelowestlevel; hene, they
areguaraneedto have somein uenceonthebelavior of the
mode.

If theiterationsof thewhile loop aretoo mary, thebene
t of nding amorecompactcon ict coredoes notoutwegh
the costof checking the mary abstracmodés for countere-
amples.So, if therestill are courterexamges after the rst
few rounds the algorithmskipsto the corcretemodd.

3.3 Re nemen

Thegod of there nement procedireisto nd aminimal set
of statevariables notin £ which, whenaddel to the abstract
modd, cansuppresall counterexkamplesof lengthL . Careis
putinto keepng theabstractodelsmallbecaisethesucess
of theterminationcriterionbasedn (5) and(6) is affectedby
the compleity of .

Our algorithmfor picking re nementvariables is shovn
in Fig. 5. When GETREFFROMCA is called b hascoun
terexamplesto P of lengthL, while € does notbecaiseEx -
ISTCEX just returnedfalse The addtion to £ of the state
varialesin ¥ n® foundin theunsatis able coreof (3) asnext
statevarialdesis sufcient to suppressil spuriouscountere-
amplesof lengthL . Variablev; is usedasnext statevariables
in the unsatis able coreof (3) if W appersin someclause
in thatcorefor somej betwea 0 andL.

Sufcie ncy of there nementcanbearguedby obsening
that the cardidate varialles are all the variablesin a set of
clausesrom which a contradction canbe derived. Re ne-
mentwith respecto all thosevariableswill addto the SAT
problemfor theabstracimodé all the clausedhatarenees-
saryto obtainthesamecortradiction.If statevariablev; does
notapperasnext statevariablein theunsatis alle core,then

the correspodingtermT; in (1) is irrelevart to the proof of
unsatis ahlity .

Theoriginal “suf cient set” (nsVarSetin Fig. 5) extracted
from the unsatis alde coremaybenon-minimal; hene, RE-
FINEMENTMINIMIZATION removesredurdantstatevariables
from the re nementset. This procaluretentatively removes
onevariabe atthetimefromthere nementandchekswhetter
EXxIsTCEX still returnsfalse Sincetheorde in which cand-
datevariablesare corsideredby the minimizationprocedire
affects the result, SORTCANDIDATEARRAY sortsthe vari-
ablessothatthosecorsideredessvaluableareremoved rst.

Thenumter of redund@ntstatevariablesin nsVarSetmay
be quite large, causingtoo mary calls to EXISTCEX. The
while loop of Lines4-9is usedto heuristicallygeta smaller
“suf c ient set” for the re nementminimization Eachtime,
only acertainnumbe of statevariablesarepicked from RCAr-
ray, afterwhich (3) is chekedto seeif they arealreadysuf-
cient.

In our method the orderin which statevariablesarere-
moved in the minimizationprocedire is basedon two crite-
ria: the levd of eachcanddate statevariableand, as a tie-
brealer, its relativecorrelationto the currernt abstracmodd.
Thelevel of a statevariade v 2 % n¥ w.rt. P is the least
numtker of statevariableson a pathin C comectingv to ary
statevariablein ¥. The smallerits level, the moreimportan
v is deemed.Therelative correlationof v 2 ¢ n¥ eqgualsthe
ratio of the nunber of direct predeessorf v in Cthatare
in D to thetotal numbe of nodesin the COI of v. Intuitively,
thelargertherelative correlationof a statevariable,thelarger
effectit will have whenaddedto or subtractedrom the cur
rentabstracmodd. The statevarialleswith thelargerlevels
andsmallerrelative correlationsareconsidereaf lessimpor-
tance andthuswill betestedfor deletionearlier In thisway;,
we cancon@ntrateon theimportantcanddatesandkeepthe
re ned abstracmodd small.

3.4 Increment& SAT Solve

An incremental SAT solver exploits the similarities amorg
SAT instancs that form a sequéce by using the conict

clausesgereratedfrom the previous instanceto guide the
searchfor a solutionto the currentinstance We assumehat

suchthat¢ o = Ag,Bg = ;,and,forl1 - i - [, ¢; =

(¢i; 1 nBi) [ A;. Thatis, the secom and successie in-
stancesareobtaned by remaving someclausesfrom thein-
stancesmmediatdy precedhg them,andthenaddng some
otherclauses.

If ji is the setof conict clausesprodued while solv-
ing¢i,° 2 j;isimplied by the corjunction of the clauses
in¢;.If Bjs; = ;, it followsthat® is implied alsoby the
conjunctionof theclausesn ¢ ;.; . Addingj; to ¢ j4; does
not charge the answe to the SAT problem but may help
thesolver by precluding examinationof assignmentthatare
known not to be satisfying.If, onthe otherhard Bj,; 6 ;,



° 2 j i mayormaynotbeimpliedby ¢ ; ., . However, if none
of the clauseghatwereusedin deriving ° isin Bj.q , thenit
is still correctto add® to ¢ ;1 . Thistestis cons&vative, but
inexpensve.

Keepng all valid con ict clausesrom previousinstance
mayresultin toomary clausesith very mary literals,which
may have a negative impact on searchtime. In our imple-
mentationwe addessthis problemby modifyingtheconict
clausedeletion stratgly: We deaeasethe interval betwea
succasive scanf thedatabaefor clausesto bedelged. To
avoid wastingtime whentherearefew large conict clauses
gereratedwe useathreshold At theendof eachinterval, we
searchfor clausesto be deletal only if the numter of new
largecon ict clause exceedsthethreshold.

The PURESAT algorithm offers several oppatunitiesto
apgdy anincremental SAT solwver. In ourimplementgion, we
ded incrementally with two sequenesof instancesOneis
thesequaceof chedks of (3) (existene of courterexanples),
theotheris thesequenethatinterleavesthechecls of (5) and
(6) (existenceof simple paths).In the former, the instance
for the samevalue of L form mondonically increasingsub-
sequaces,in which all conict clausescan be re-utilized.
However, whenL is incremented, the clausesaccunulated
for modelsotherthan arediscardel.

Two moreopportunitiesof applyingincremental SAT solv-
ing existin the PURESAT algorithm.In theloop of Lines5-9
in Fig. 5, andin re nementminimization. However, the av-
eragenumker of iterationsof theloop in Fig. 5 is too low to
warrantincremetal solving, while the SAT instancescaur-
ring in re nementminimization are monotmically decras-
ing; herce,they arenotwell suitedto incremental solving.

4 Related Work

Ourre nementalgorithmis basedon computing andandyz-

ing the unsatis alde coreassociatedvith the proofthatthere
is no conaetecounterexample of lengthL; hene, it is sim-
ilar to the conict andysis methodpropaedin [CCK* 02].

However, our appgoachdiffers signi cantly from [CCK* 02]

in thefollowing aspets:

1. Theauthas of [CCK* 02] identify a single spuriousab-
stractcounteexampe (by usingBDD-basedmodelcheck-
ing), togetherwith its failure index. (l.e., the time step
from which the ACE is no longe conaetizablein - .) A
con ict depandercy graphis built from the unsdis able
formulaobtainel by constrainingheconaetemodé with
thesinglespuriousACE upto thefailureindex time step.
The re nement setis then computed by andyzing the
con ict dependercy graph.In ouralgorithm,however, we
do not usea single abstracttourterexamge to constrain
the BMC instancglandcorsequetly we do notcompute
the failure index). Rather uncastrainedBMC instance
(on a sequepe of increasingly corcretemockls)is used
for the conaetizationtest;suchBMC instancesover all
thepossibldengthL spuriousabstractourterexanples.
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2. In[CCK* 02], theinvisiblestatevariables(thosein V n‘@)
areaddel to there nement setif their correspoding lit-
eralsat the failure index time stepappearin the conict
depandercy graph.In ouralgorithm,all theliterals(which
correspondo eitherstatevariablesor internallogic gates
atdifferenttime stepslappearingin theunsatis ablecore
arerecordedn the SAT solver. However, only thosein-
visible statevariableswhosenext statevariable literals
apper in the unsatis alle core are adced to the re ne-
mentset.

3. Ourre nementminimizationalgorithmis alsosomevhat
differentfrom [CCK* 02]. Both methals remove redun
dantstatevariables greedly, but they differ in theorderin
whichvariables arecorsidered.

Our algorithmis alsorelatedto the one of [MAQ3]. Al-
gorithmpureSAT startsfrom theabstractmodelandchecks
corcretizatiorfor increasingcounterexamplelengths By con
trast, the methal of [MAO3] andyzes the conaete modd,;
for somelengthsof courterexanplesit builds an abstrac-
tion from thefailed proof of their existence Both approache
check all courterexamplesof a certainlength at once The
maindifferences are:

1. We useSAT, insteadof a BDD-basedmodd cheder, for
the abstractmodel. Some abstractmodels are more sulit-
ableto BDD-based model checking; for instance those
thathave very long simplepaths.Othermodelshave un-
wieldy BDDs andaremoresuitableto SAT-basednduc
tion proofs.Hene, neithe approah dominatesthe other
As pointedoutin Sed. 1, we expectacombirationof the
two appro@&hesto provide signi cant advantages.

2. Algorithm pureSAT checkscorcretizationincremenally.
In mary cases,a property can be proved without ever
cheking the corcrete modd. An additiond advantag
of this approah is that unsdis able cores come from
smallemmodads. Findly, theabstractmodd providesguid-
ancein cheding the conaeteonein theform of conict
clausesf the moreabstractmodds thatthe incremental
SAT solver may useto guidethe searchof courterexam-
plesin - .

3. Ourabstractiorgrows at eachre nement,andwe usere-

nement minimizationto controlits size,wherea theab-
stractionof [MAOQ3] is computedfrom scratcheachtime.
Re nement minimization requiresrepeatd BMC runs;
these,however, are not on the full corcretemodel. Re-
compuing theabstractiorirom scratchmayleadto smaller
abstractmodds. Building it incremenally allows PURE-
SAT to check only for pathsof lengthL insteadof length
uptolL.

In [CGKS®,CCK* 02,WLJ* 03], oncecounterexamples
of length L are found on an abstractmodel, the corcrete
modé is cheked immediatelyto seeif areal courterexam
ple of the samelengthcanbe found. The methal of [MA03]
also cheds the conaete modd for increasing values of L.
If the conaetemodé is very large,this approah may suffer
from the stateexplosion prodem. In [BGGO0Z], the autlors
propcsealayeredrecorstructionalgorithm, in which,instead
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of checking directly the conaetemodd whenabstractoun
terexamplesarefound thestatevariablesin V nY aredivided
into layers,andaseachlayeris addel in turn, the resulting
modd is checkedfor surviving courterexamgesof lengh L.
In the PURESAT algorithm,we have adoged a similar lay-
eredappoachin ourincremetal conaetizationtest,with the
following maindifferences:

1. While the appro@h of [BGG0Z is competely basedon
BDDs, our apgroachis entirely basedon SAT. The main
consegenceof this chdce is thatwe arelessconerned
aboutincremertal conaetizationreaching - . We do not
employ badtracking andwe limit the numter of re ne-
mentsduring eachcorcretizationtestto save time. We
canalsoeasilybenet from incrementdSAT solving.

2. The computationsof the layersdiffer in the two meth-
ods.In particularin ouralgorithmwe usetwo criteria:the
level of astatevariablew.r.t. thecurrentabstractodelas
the primary criterion, andthe relative correlationasthe
secondne

Applicationof incremental SAT solvingto bourdedmocdel
checkingwasproposedin [WKSO01]. In [ES03, anew en®d-
ing schemefor BMC was presentd, which allows ef ¢ ient
useof incremertality. The main obsenation behind that en-
codng is that removal of unit clausescan be implemerted
very ef ciently. Ourincremenal solver doesnot make useof
thisobsenation, andis thereforecloserto theoneof [WKSO01].
Unlike either[WKSO01] or [ES03, we useincremettal SAT
solvingfor abstractiorre nement,ratherthanplain BMC.

5 Experimental Results

To evaluate the techrique of Section3, we compared four
algorithms: Our implemeration of the BMC algorithm of
[BCCZQ9], BMC exterdedwith the cheds for simplepatts
[SSS®] (referredto asSSS),our PURESAT algorithm,and
the GRAB algorithm of [WLJ* 03], which usesboth BDDs
and SAT. All four algorithmsare implemerted in VIS-2.0
[B* 96,VIS]. We usedChaf [MMZ* 01] asthe SAT soler.
We adcedto it theability to extractunsatis aldle coresandto
performincremetial cheks. Theexperimentsvererununde
Linux onanIBM IntelliStationwith a1.7 GHz Intel Pentium
4 CPUand2 GB of RAM.
Thecomparisorwascondictedon 26 modds, eitherfrom
industry or from VIS veri cation berchmarks[B* 96,VIS]
exceptfor Isp. This modd was createdto illustrate the help
BMC could get from abstraction A simpli ed versionof it
appearsin Fig. 1. Since in the corcretemodd, the longest
simplepathis quitelong, SSSfailedto compete,even thouch
PURESAT nished within onesecond
Theresultsareshovn in Tabe 1. The rst columnis the
nameof themodel; thesecom columnindicatesvhethe eat
propety passe®r fails; if apropety fails,thenumterin this
columnis thelengthof thecounteexampge. Thethird column
gives the numker of statevariabesin the core of in uence
of the property. The fourth column lists the time of BMC.

A time in parerthesesds the time elapsedvhen the process
ran out of memory In our experiments,the time limit was
setto 8 hours.The fth columnis thetime of SSS the sixth
column shaws thetime for GRAB; the seventh columnis the
numter of statevariadesin the nal abstractmodd. If the
timeis greatetthan8 hoursthenumbe in parenthsesin this
colummn is thenumker of statevariablesin the abstracmodd
whentime ran out. The next two columns are the datafor
PURESAT. All CPUtimesarein second exceptwhennoted

The algaithm labeledBMC canchedk indudive invari-
ants.However, no suchpropertiesareincluded in our setof
experiments From the tablewe canseethat, in geneal, for
passingpropeties, PURESAT is betterthan both BMC and
SSS For mostfailing propeties BMC is best,while PURE-
SAT is betterthan GRAB. For the largestmockls, like 1U,
whoseCOlI contans 4493 statevariables, PURESAT s the
only onebeing ableto verify theproperty Interestingly GRAB
and PURESAT fail to nish similar numbes of experiments
(4 for GRAB and3 for PURESAT). However, thetwo setsof
failuresaredisjoint. Thisis anencairagingsignfor thedevel-
opment of ahybrid algorithmthatmayswitchbetwe@ BDDs
andSAT for theandysis of theabstracmodds.

Theeffectson performane of incremetal corcretization
andincrementd SAT solving are shovn in Tale 2. In this
table,IC meansincremental corcretization NIC meanson
incremantal conaetization,|S meansincremetal SAT, NIS
mears nonincrementa SAT. The sizesof the nal abstract
modds are the samefor PureSA(NIC, NIS), PureSA(IC,
NIS), andPureSA(IC, IS) exceptfor D24-p3(6, 5, 6), D24-
p4 (6,5, 6),andD24-P5(6, 8, 8). Thesesmalldifferences are
dueto thedifferencesn thesearchorderfollowedby the SAT
solver.

From Table 2 oneseesthatincremeral SAT solving al-
most always deadeasesCPU time. Incremental corcretiza-
tion helpsmostof the time, though for somemodéds (e.qg.,
D20-p)) it is not effective be@ausemost of the corcretiza-
tion checksendup deding with - . Figure6 andTable 3 take
a closerlook at the effects of incremental conaetizationon
modd D5-pl.The gure compaestwo runs,with andwith-
out incremetal conaetization.Eachgraphshawvs the num-
bersof statevariablesin the modds andthe CPUtimesasa
function of the courterexarmple lengthL. Whenre nement
ocaurs, both the size of the abstractmocdel and the size of
the largest-€ examined during the concréization chedk are
showvn asthe endpants of a vertical line. For example,the

rst re nementof theinitial abstractiorhapgensfor L = 22.
Withoutincremeral conaetization(left graphy, all 319 state
variablesareincludedin €, wherea the incremental ched
requiresonly the analysisof amodd with 23 statevarialdes.
In bothcases cortains9 statevariables.

Cheching smallermodds redu@sthe total CPU time by
over50%even withoutincremenal SAT. Thegraph=of Fig. 6
clearly shav that the time pendty is incurredwhenre ne-
menttakes place Table 3 examinesthe natureof this time
peralty; it shawvs that the major effect of incremental con
cretizationis to speedup re nementminimization This hap
pers bea@usesmallerunsatis abe coresareusuallyextraded
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Table 1 Experimentatesults.Boldfaceis usedto highlightbestCPUtimes
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model pass/ latches BMC SSS Grab PureSA
cex length | in COI time time time | nal sz. | time | nal sz.
Isp-pl pass 12 NA >8h 1 3 1 3
D12-p1 16 48 5 25 14 23 22 23
D23-p1 5 85 1 1 20 21 1 25
D2-pl 14 94 6 25 180 48 10 48
D14-p1 14 96 65 83 >8h (75) 1294 79
D1-p1 9 101 1 5 9 21 6 20
D1-p2 13 101 2 12 51 23 13 23
D1-p3 15 101 3 18 56 25 17 23
112-p1 370 119 >8h >8h 2503 16 >8h 12)
B-pl pass 124 NA >8h 173 18 825 18
B-p2 17 124 150 675 93 7 113 7
B-p3 pass 124 NA >8h 223 43 >8h (42)
B-p4 pass 124 NA MO(23708) | 393 42 >8h (42)
D22-p1 10 140 2 10 720 132 10 132
D24-p1 9 147 7 10 1 4 1 4
D24-p2 pass 147 NA 16 3 8 8 8
D24-p3 pass 147 NA 1 20 8 3 6
D24-p4 pass 147 NA 1 43 8 3 6
D24-p5 pass 147 NA 1 3 5 3 8
MO-p1 pass 221 NA MO(2537) | 136 16 1188 13
D5-pl 31 319 58 592 31 18 53 13
D18-pl 23 506 96 795 >8h (99) 2721 166
D16-p1 8 531 10 29 92 14 20 14
D20-p1 14 562 26 101 >8h (69) 7445 229
rcu-pl pass 2453 NA MO(3115) | 195 10 87 10
1U-p2 pass 4493 | MO(11331) >8h >8h (6) 1060 14
350 — v r 250 350 — v r 250
variables —— . variables ——
300 time % x 300 time %
" X 4 200 " 1 200
< 20} ; L 20}
2 2
S 200} 1150 £ S 200} 110 £
S > G >
% 150t o {100 & g 1501 « {100 &
2 100} Z 100 e
{ 50 e { 50
50 f _ 50 e
0 gy A 0 0 e B 0
0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
Counterexample length Counterexample length
Fig. 6 ModelsizesandCPUtime for D5-p1without andwith incrementatoncretizatior(noincrementaSAT in eithercase)

from smallermockls. (Practicalmethalsthatprodue proofs
of unsatis ahility do not guaanteeproofsthat are minimal

in termsof eithernumkber of clausesor variables appearing
in theunsatis alde core.)Minimization prodwcesre nements
of the samesizesfor D5-p1 (1 variablein all case) with

andwithout incremettal corcretizationcheck. The time ad-
vantagecomes from examining fewer cardidateson smaller
modés.

In spiteof the advantagsof dealingwith smallerunsat-
is able cores,our experimentsindicae that the numbe of

rounds in the conaetizationched shouldbe keptsmall. We
obtairedthebestresultswhenthenumberof roundswaslim-
ited to two.

Though PURESAT, appearso bereasonhly robust,there
areafew casesn whichit performspoorly comparedto com-
petingtechriques.Thepro le s of two suchrunsareshavn in
Fig. 7.

Model D20-plis representatie of agroup includingalso
D14-plandD18-p1, for which PURESAT doessubstantially
worsethanBMC andSSSonfailing propertiesTheleft graph
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Fig. 7 Two hardproblemsfor PURESAT: D20-p1(left) andb-p3(right)

Table2 Comparisorbetwea PureSA with andwithoutincremen-
tal concretizationIC) andwith andwithout incrementalSAT (1S).
Boldfaceis usedto highlight bestCPUtimes

model | NIC,NIS | IC,NIS | IC,IS
time time time
Isp-pl 1 1 1
D12-p1 33 26 22
D23-p1 2 2 1
D2-p1 20 22 10
D14-p1 1393 1345 | 1294
D1-p1 9 8 6
D1-p2 19 23 13
D1-p3 28 17 13
112-p1 >8h >8h >8h
B-p1 846 857 825
B-p2 316 198 113
B-p3 > 8h > 8h > 8h
B-p4 >8h >8h >8h
D22-p1 15 18 10
D24-p1 2 2 1
D24-p2 8 9 8
D24-p3 2 5 3
D24-p4 4 2 3
D24-p5 3 3 3
MO-p1 2826 2134 | 1188
D5-p1 222 98 53
D18-p1 3875 2844 | 2721
D16-pl 29 24 20
D20-p1 7292 7717 | 7445
rcu-pl 123 87 87
IU-p2 1683 1568 | 1060

in Fig. 7 shaws thatincremental corcretizationis not effec-
tive for D20-pl As acorsequene,re nementminimization
is expensve, andacmuntsfor the majority of the CPUtime.
In this casethe effort putinto keepirg the abstracmodelP
smallis wasted:the propertyis eventudly foundto fail, and
for thevalues of L upto 31 (thelengthof the shortestcoun
terexamples),the simple path checks of (5) and (6) are not
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time - M
1201 11 s.P.time = ¥ {25000
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Table3 Comparisorof re nementproceduresvith andwithoutin-
crementatoncreizationfor D5-p1

Ref. Variablesin core | Ref.min.time | Concrtime

Round | NIC IC NIC IC NIC IC
1 17 8 11.24| 5.62 | 3.29 | 0.51
2 16 8 1461 | 7.34 | 4.64 | 0.59
3 22 7 19.16 | 6.51 | 4.42 | 0.53
4 50 6 78.69| 5.72 | 7.41 | 0.61

very expensve even onthecorcretemodd—aswitnessedy
the CPUtime of SSS.

For modé b-p3,PURESAT runsoutof time, while GRAB
provesthatthe propertypasse lessthanfour minutes.The
right graphin Fig. 7 shawvs that PURESAT quickly reachs
the stagewhereno counterexamplesarefoundin theabstract
modd, but thenit is unable to reachavalueof L sufcientto
prove thepropety true.In this casethegraphshavs alsothe
time (S.R time) spentin cheding (5) and(6), which clearly
domiratesthetotal CPUtime. It is consistentvith this obser
vation that SSSalsorunsout of time on b-p3. Even thoud
theabstractmodelprodu@dby PURESAT hasonefewer state
variablethantheoneof GRAB, abstractiorfailsto sufciently
redue thelengthof thelongestsimplepaths;herce,aBDD-
basedapproah like the one of GRAB (or [MAO3]) is more
effective.

Sincechecking for simplepathsis sometimesxpensve,
onemay chocseto useonly oneof (5) and(6). However, in
our experiments both testscontritutedto establishtermina-
tion for passingpropertiesWhenthetestfor (5), whichis the
mosteffective of thetwo, wasdisabled the numkber of exper
imentssuccessfullyjcomgdeteddeaeasedandno signi cant
speedpswereobsened.

6 Condusions

We have presentedan abstractionre nement algorithm for
modd checking safety propertiesthat usesa SAT solver as
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sole decisionprocedure. We have compaed this algorithm
to bothBMC andto anabstractiorre nementalgorithmthat
usesboth BDDs and CNF SAT. The new algorithmis com
petitive andwastheonly oneto compgetethelargesttestcase.
Our implementationis still preliminary We areinterestedn
the extensionof thetechriguesof [WLJ* 03] to the SAT en-
vironment. This is not an entirely trivial task,sincethey are
basedon the knowledge of the setsof statesat variousdis-
tances along the pathscomectinginitial statedo errorstates.

By its very nature,the PURESAT algorithm suffers, al-
beit in attenuged form, from the sameproblemsthat af ict
the basicprocedure usedin analying the abstractmodels.
Improvementslike thosepropsedin [McM03] may boost
PURESAT's performare. Improved extradion of unsatis -
ablecoresmay speedup the abstractiorminimizationphase,
which is currently the mosttime consumingpart of the al-
gorithm. More gererally, the integrationwith a BDD-based
approachto the andysis of theabstracimodé shouldleadto
a more robust and powerful appro&h to abstractiorre ne-
ment.

References
[ABEOQO] P A. Abdulla,P. Bjes®,andN. Een. Symbolicreacha-
bility analysishasedn SAT-solvers.In ToolsandAlgo-
rithms for the Constructionof System¢TACAS) pages
411-4252000.LNCS 1785.

[AS85] B. AlpernandF. B. SchneiderDe ning livenessInfor-
mationProcessing_etters, 21:181-1850ctober1985.
[B*96] R.K.Braytonetal. VIS: A systemfor veri cation and

synthesis.In T. Henzinge andR. Alur, editors,Eighth
Confeenceon ComputerAided Veri cation (CA/'96),
pages428-432. SpringefVerlag, Rutgers University,
1996.LNCS 1102.
[BCCZ99] A. Biere, A. Cimatti, E. Clarke, and Y. Zhu. Sym-
bolic model checlking without BDDs. In Fifth Inter-
national Confeenceon Tools and Algorithmsfor Con-
struction and Analysisof SystemgTACAS'99) pages
193-207,Amsterdam,The Netherlands, March 1999.
LNCS 1579.
S.Barner D. Geist,andA. Gringauze Symboliclocal-
izationreductionwith reconstructioiayeringandback-
tracking. In E. Brinksmaand K. G. Larsen,editors,
FourteenthConfeenceon ComputerAided\eri cation
(CAV 2002) pagesb5-77.SpringefVerlag, July 2002.
LNCS 2404.
J.Baumartner A. Kuehlmam, andJ. Abraham.Prop-
erty checkirg via structuralanalysis. In E. Brinksma
and K. G. Larsen,editors, FourteenthConfeenceon
ComputerAided\Veri cation (CA/'02), pagesl51-165.
SpringefVerlag,Berlin, July 2002. LNCS 2404.
R.E.Bryant. Graph-basedlgorithmsfor Boolearfunc-
tion manipulation. IEEE Transactionson Computes,
C-35(8):677—691August1986.

P. CousotandR. Cousot.AbstractinterpretationA uni-
ed latticemodelfor staticanalysisof programsy con-
structionsor approximatiorof xpoints. In Proceedings
of the ACM Symposiunon the Principles of Program-

mingLanguajes pages238-250,1977.

[BGGO2]

[BKAO2]

[Bry86]

[CC77]

Bing Li etal.

[CCK* 02] P. ChauhanE. Clarke, J. Kukula, S. Sapra,H. Veith,
and D. Wang. Automatedabstractionre nement for
modelcheding large statespacesisingSAT basedton-
ict analysis.In M. D. AagaardandJ.W. O'Leary, edi-
tors,Formal Methodsn ComputerAidedDesign pages
33-51.SpringerVerlag,November2002. LNCS 2517.
[CGKSO02] E. Clarke, A. Gupta, J. Kukula, and O. Strichman.
SAT basedabstraction-re nemet using ILP and ma-
chinelearning. In E. BrinksmaandK. G. Larsen,ed-
itors, FourteenthConfeenceon ComputerAided \eri-
cation (CAV 2002) pages265-279.SpringerVerlag,
July 2002.LNCS 2404.
E. M. Clarke, O. Grumbeg, andD. A. Peled. Model
Cheking. MIT PressCambridgeMA, 1999.
N. Eén and N. Sorensson. Temporal induction by
incrementalSAT solving. Electionic Notesin The-
oretical Computer Science 89(4), 2003. First In-
ternational Workshop on Bounded Model Checking.
http://www.else&ier.nl/locate/ents/.
E. Goldbeg andY. Novikov. Veri cation of proofsof
unsatis ability for CNF formulas. In Design,Automa-
tion and Testin Europe (DATE'03), pages886—891,
Munich, Germary, March2003.
D. KroningandO. Strichman.Ef cient computatiorof
recurrenceliameters.In \Veri cation, Model Cheding,
andAbstiact Interpretation page298—-309New York,
NY, January2003.Springer LNCS 2575.
R. P. Kurshan.ComputerAidedVeri cation of Coori-
natingProcessesPrincetorUniversity PressPrinceton,
NJ,1994.
K. L. McMillan andN. Amla. Automatic abstraction
without countergamples. In International Confeence
on Toolsand Algorithmsfor Constructionand Analysis
of SystemgTACAS'03) pages2—-17,Warsav, Poland,
April 2003.LNCS2619.
K. L. McMillan. SymbolicModel Chedking. Kluwer
AcademicPublishersBoston,MA, 1994.
K. L. McMillan. Applying SAT methodsn unbounded
symbolic model checking In E. BrinksmaandK. G.
Larsen, editors, Fourteenth Confeence on Computer
Aided\eri cation (CAV'02), pages250-264.Springer
Verlag,Berlin, July 2002.LNCS 2404.
K. L. McMillan. Interpolationand SAT-basedmodel
checking. In W. A. Hunt, Jr. and F. Somenzi,edi-
tors, Fifteenth Confeenceon ComputerAided \eri -
cation (CA/'03), pagesl—13. SpringerVerlag, Berlin,
July2003.LNCS 2725.
R. Milner. An algebraicde nition of simulationbe-
tweenprograms.Proc. 2ndInt. Joint Conf on Arti cial
Intelligence pages481-489,1971.
[MMZ* 01] M. Moskewicz, C.F. Madigan,Y. Zhao,L. Zhang,and
S. Malik. Chaf: Engineeringan ef cient SAT solver.
In Proceeding=f the Design AutomationConfeence
pagesH30-535L asVegas, NV, June2001.
M. SheeranS. Singh, and G. Stalmarck. Checking
safetypropertiesusinginductionanda SAT-solwver. In
W. A. Hunt, Jr. and S. D. Johnson,editors, Formal
Methodsin ComputerAided Design pages108-125.
SpringefVerlag,Novembe 2000.LNCS 1954.
[VIS] URL: http://visi.colorado.edi vis.
[WBCGO00] P. Williams, A. Biere, E. M. Clarke, and A. Gupta.
Combiningdecisiondiagramsand SAT proceduregor

[CGP99]

[ESO3]

[GNO3]

[KS03]

[Kur94]

[MAO3]

[McM94]

[McMO02]

[McMO03]

[Mil71]

[SSS00]



AbstractionRe nementin SymbolicModel CheckingUsing Satis ability asthe Only DecisionProcedure 13

ef cient symbolic model checking. In E. A. Emer
son and A. P. Sistla, editors, Twelfth Confeence on
ComputerAided\Veri cation (CA/'00), pagesl24—-138.
SpringefVerlag,Berlin, July 2000. LNCS 1855.

[WHL* 01] D. Wang,P-H. Ho, J. Long, J.Kukula,Y. Zhu, T. Ma,
and R. Damiano. Formal propertyveri cation by ab-
stractionre nementwith formal, simulationandhybrid
enginesln Proceeding®f the DesignAutomationCon-
ference pages35-40,LasVegas, NV, June2001.

[WKS01] J. Whittemore,J. Kim, andK. Sakallah. SATIRE: A
new incrementakatis ability engine.In Proceeding®f
theDesignAutomationConfeence pages42-545) as
Vegas,NV, June2001.

[WLJ* 03] C.Wang,B. Li, H. Jin, G. D. Hachtel,andF. Somenzi.
Improving Ariadnes bundle by following multiple
threaddn abstractiorre nement. In Proceeding®f the
International Confeenceon ComputerAided Design
pagesA08-415Novemter 2003.

[ZM03] L. ZhangandS. Malik. Validating SAT solversusing
anindependenresolution-basedhecler: Practicalim-
plementationsand other applications. In Design, Au-
tomationand Testin Europe (DATE'03), pages880—
885, Munich, Germary, March2003.



