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Abstract

Wepresentanabstraction refinementalgorithm for modelcheckingof safetypropertiesthat
reliesexclusively on a SAT solver for checking the abstract model,testing abstract coun-
terexampleson theconcretemodel, andrefinement. Model checking of theabstractions is
basedon boundedmodelchecking extendedwith checksfor theexistenceof simplepaths
thathelpin deciding passing properties. All minimum-lengthspuriouscounterexamplesare
eliminatedin onerefinementstepby a procedurethatcombines theanalysis of theconflict
dependency graph producedby theSAT solverwhile lookingfor concretecounterexamples
with aneffective abstraction minimization procedure.

1 Introduction

Model checking[CGP99] is analgorithmic approachto theverificationof proper-
tiesof reactivesystems,whichhasbeensuccessfullyappliedto bothhardwareand
software. Sincemodelcheckingentailstheexploration of a potentially very large
statespace,the alleviation of the so-calledstateexplosion problemhasbeenthe
objectof muchresearch.On the onehand,techniqueshave beendevelopedthat
allow modelswith hundredsof statevariablesto beanalyzeddirectly. On theother
hand,abstractionhasbeenusedto allow themodelchecker to draw conclusionson
theoriginal,concretemodelby examiningasimpler, abstractone.

For systemswith many statevariablesandmany transitions, thesymbolicap-
proachhasprovedcrucial. In symbolicmodelchecking,setsof statesandtransition
aredescribedby theircharacteristicfunctions.Variousformsof representationhave
beenusedfor thesefunctions, the mostpopularbeingBinary DecisionDiagrams
(BDDs) [Bry86], andConjunctiveNormalForm(CNF).
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ClassicalBDD-basedmodelchecking[McM94] is basedon the computation
of fixpoints. For instance,the reachablestatesof a modelare computed as the
leastfixpoint of the function �L���"�_���y�R���e����� , which addsthe successorsof the
statesin � to theinitial states.Both thesetof statesandthesuccessorrelationare
storedasBDDs. Thefixpoint computationconvergesin anumberof iterationsthat
equalsthemaximum distanceof a reachablestatefrom theinitial states.Checking
for convergenceis madeeasyby the strongcanonicityof BDDs (identical sets
sharethe samerepresentation).BDD-basedmodelcheckingcanthereforeprove
propertiesalmostaseasilyasit candisprove them.

BoundedModel Checking(BMC) [BCCZ99], on the otherhand,formulates
thereachabilitytestasa seriesof satisfiability (SAT) checksfor pathsof bounded
length. (To seeif a pathof length � to a setof statesexists,thetransitionrelation
is unrolled � times.) For finite systems theprocessmusteventuallyterminate:the
lengthof theshortestpathbetweentwo statescannotexceedthenumberof states.
Hence,if nopathis foundwith lengthupto thenumberof states,thetargetstatesare
known to beunreachable.Thisobservation,however, doesnothelpfor thekind of
modelsthatoneencountersin practice.Thediameterof thestategraphwouldgive
amuchbetterboundon � , but, unfortunately, it is hardto compute[BCCZ99]. For
this reason,BMC hascometo beregardedasanexcellentdebugging (asopposed
to verification) technique.That is, classicalBMC is particularlyadeptat finding
counterexamples,but ill-suitedto prove theirabsence.

The ability demonstratedby BMC to deal with modelsbeyond the reachof
BDD-basedmethodshassparkedinterestin theuseof CNF andSAT for proof as
well asrefutation. Two mainapproacheshave beenpursued:The replacementof
BDDswith CNFformulaein thefixpointcomputation[ABE00,WBCG00,McM02],
andthedevelopmentof moreeffective terminationcriteriafor BMC.

Theopportunity of replacingBDDs with CNF formulaecanbe arguedon the
groundsthatcanonicityof representationmakesBDDssomewhatinflexible. Hence,
somefunctionsthatadmitcompactrepresentationsin CNF haveexceedinglylarge
BDDs. However, the inflexibil ity argumentcan also be usedagainstCNF, and
memoizationtechniquesaremoreeffective for BDDs. In fact,to date,CNF-based
fixpoint computationhasnot demonstrateda consistentadvantageover theclassi-
cal BDD-basedone. Onemayarguethat themainreasonfor thesuccessof BMC
in finding counterexamples lies in its avoidanceof the needlesscomputation and
storageof reachablestatesthatarenoton theerrortrace.

Severalproposalshave beenmadeto improveBMC’s ability to prove thenon-
existenceof a path. It is straightforwardto checkfor inductive invariants,sinceit
only entailscheckingfor theexistenceof a transition from a statethatsatisfiesthe
invariant to onethat doesnot. An extension of the inductive approachhasbeen
presentedin [SSS00], in which termination occursassoonasthelengthof thepath
reachesthe lengthof the longestsimple path from an initial state,or to a target
state.A recentpaper[McM03] proposestheanalysisof theunsatisfiableformulae
to allow termination whenthereversesequentialdepthof themodelis reached.

Early terminationin BMC requiresadditionalchecksbeyond the one for the
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Fig. 1. Model with long simplepath
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Fig. 2. Abstraction of themodelof Fig.1

existenceof pathsof certainlengths.Thesecheckstranslateinto moreclausesin
theCNF formulaewhosesatisfiability hasto be established.For the approachof
[SSS00], thenumberof extraclausesis quadraticin thelengthof thepath.As are-
sult,it is notsurprisingthatfindingcounterexamplesis slowerthanwith pureBMC.
Theextracost,however, appearsto beworthpaying,sinceit increasessubstantially
thefractionof passingpropertiesthatcanbedecided.Unfortunately, thereremain
instancesfor which theadditionalterminationtestsaretooexpensive. Considerthe
modelillustratedin Fig. 1. It has­K®°¯±­ states,oneof which is initial ( ² ). The ®2³�­
stateś_µ�¶D·�¸�¹�¹�¹�¸"´ µSºN» arethe(unreachable)targetstates.Thelongestsimplepath
from theinitial statehaslength ®¼¯¾½ , while thelongestsimplepathto a targetstate
thatdoesnotvisit any othertargetstatehaslength ®2³8­ ; thereversesequentialdepth
of themodelis also ®P³8­ . Hence,themethodsof [SSS00,McM03] will haveto con-
siderpathsof length ®2³8­ beforethey candeclarethetargetstatesunreachable.By
contrast,theforwardsequentialdepthis 2.

Fig. 2 shows an abstractionof the modelof Fig. 1. States² , ¿ÁÀ , Â , and ´_À
areabstractedby Ã , Ä6ÅÆ· À ¶�µ�Ç , È , and ÉIÅÆ· À ¶�µ
Ç , respectively. The target stateremains
unreachablein thismodel,andtheforwardsequentialdepthis still 2; however, the
longestsimplepathandthesequentialdeptharereduced.Thoughin generalthere
is noguaranteethatabstractionwill shortenor evennot lengthenthelongestsimple
paths,or theshortestpaths,thisexampleillustrateshow abstractionmayhelpBMC,
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especiallyfor passingproperties.
AbstractionandBMC havebeencombinedin morethanonerecentwork,espe-

cially in thecontext of abstractionrefinement.In abstractionrefinement[Kur94],
onestartswith a coarseabstractionof the given,concretemodelandkeepsrefin-
ing it until the propertyis decided. For universalpropertieslike the reachability
propertiesthatarethe focusof this paper, this oftenmeansthat theabstractmod-
els simulate the concreteone [Mil71], and that either the property is shown to
hold on an abstractmodel,or a counterexampleis found in the concreteone. In
[WHL × 01,CGKS02,CCK× 02,WLJ× 03] BMC is usedto checkwhethercounterex-
amplesfound in the abstractmodelscanbe concretized, that is, whethera coun-
terexample canbe found in the concretemodelthat is mappedby the abstraction
onto the abstractcounterexample. The first threeof thesemethodsalsoanalyze
the failed concretizationtest to guide the refinement. Therefore,they represent
instancesof counterexample-guidedabstractionrefinement. On the other hand,
[WLJ× 03] analyzestheabstractmodelto decidehow to refineit. Yet anotherap-
proachis theoneof [MA03], in which theabstractmodelis derivedfrom a failing
BMC run on theconcretemodel.This reversalof thecustomaryorderis attractive
for thosefrequentcasesin which pathsof moderatelengthcanbeeasilychecked
on theconcretemodel.

Onecommontrait of theapproachesto abstractionrefinementmentionedsofar
is theapplicationof aBDD-basedmodelcheckerto theabstractmodels, andof SAT
solvers to theconcreteones.By contrast,theobjective of this paperis to explore
whatcanbeachievedwith a SAT solver astheonly decisionprocedurein theab-
stractionrefinementframework. Therationalefor combiningBDDsandSAT is that
eachis well-suited to the taskassignedto it: TheSAT solver is goodat checking
theexistenceof a pathof a givenlengthin a largemodel,whereastheBDD-based
modelchecker is betterat proving theabsenceof certainpaths,regardlessof their
lengths, in a modelof moderatesize. This observationis certainlywell motivated
whenoneregardsthe modelsfor which abstractionrefinementresultshave been
reportedin theliterature;their sizesrarelyexceed1,000binarystatevariables.As
themodelsgrow larger, however, we expectan approachpurelybasedon SAT to
becomemorecompetitive. Therefore,ourgoalis to eventually beingableto switch
betweenBDD-basedmodelcheckingandSAT-basedtechniquesfor theanalysisof
theconcretemodel.In thispaperwereportonasignificantstepin thatdirectionby
presentinganalgorithmfor abstractionrefinementthatis purelybasedonSAT.

Our approachis similar to the onesdiscussedso far in the fact that abstrac-
tionsareobtainedby removing partof thestatevariablesof themodel;refinement
thenconsistsof reinstatingsomeof theremovedvariables.Thealgorithmhasthree
major components: the decisionprocedurefor the abstractmodel is the one of
[SSS00], which hasalreadybeenmentioned.Thesecondcomponent—thechoice
of therefinement—combineselementsof [WLJ× 03] and[CCK× 02]. Like thefor-
mer, it addressesall theabstractcounterexamplesatonce;likethelatter, it analyzes
theconflictdependency graphof thefailedconcretizationtestto deriveasetof can-
didatestatevariablesfrom which theonesthatwill beaddedto theabstractmodel
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arechosen.Finally, the third componentis a heuristicprocedurefor abstraction
minimization. This minimization is quite important in our approach,becausethe
simultaneouselimination of all spuriouscounterexamplesof a certainlengthtends
to generatelarge setsof candidatevariables.Our experimentalevaluation of the
SAT-basedabstractionrefinementalgorithmcomparedit to both BMC (with and
without earlyterminationchecksfor passingproperties)andto thebestabstraction
refinementalgorithmavailableto us[WLJå 03]. Theresults,discussedin Section4,
show thatthenew approach,thoughnotuniformly superior, is morerobustthanthe
others,andis especiallypromisingfor themorechallengingproblems.

2 Preliminaries

Let æèçêé ëeì
í�î�î�î�í"ë ïIð bea set.We designateby æòñ theset é ë{ñì í�î�î�î�í"ëeñï ð consisting
of the primedversionof the elementsof æ , andby æ_ó the set é ë{óì í�î�î�î�í"ëeóï ð . We
defineanopensystemasa4-tuple

ô æõí�ö�í"÷Wí#ø¼ù±í
where æ is thesetof (current)statevariables,ö is thesetof combinational vari-
ables,÷ûúEæýü is theinitial statepredicate,and ø�úEæcí?ö�í�æýñaü is thetransition relation.
Thevariablesin æCñ arethenext statevariables.All setsarefinite, andall variables
rangeoverfinite domains.

Weassumethatthetransitionrelationis givenasthecomposition of elementary
relations.If ö çþé ÿ¼ì�í�î�î�î�í"ÿ�� ð with ����� , ourassumption amountsto writing:

øýúEæcí�ö í�æ ñ ü ç �ì	� ó �{ï ú ë ñó�
 ÿ ó ü
� �ì	� ó ��� ø ó ú�ö�í�æòü î (1)

We considerthecaseof a sequentialcircuit, in which thevariablesin ö areasso-
ciatedwith theprimary inputsandtheoutputsof thecombinational logic gatesof
thecircuit; thevariablesin æ areassociatedwith thememoryelements.Eachø ó is
calleda gaterelationbecauseit usuallydescribesthebehavior of a logic gate.For
instance,if ÿ ó is theoutputvariableof a two-inputAND gatewith inputs ÿ�� and
ë�� , then ø ó ç ÿ ó 
 úAÿ���� ë���ü . If, ontheotherhand,ÿ ó is aprimaryinputto thecir-
cuit, then ø ó ç�� . Eachtermof theform ëIñó�
 ÿ ó equatesa next statevariableto a
combinationalvariable.(Theoutputof thegatefeedingthe � -th memoryelement.)

In a sequentialcircuit, a statevariable ë�� is saidto be in thedirect support of
variableë ó ( ÿ ó ) if thememoryelementassociatedto ë�� is connectedto thememory
element(logic gate)associatedto ë ó ( ÿ ó ) by a paththat goesthroughlogic gates
only. Variable ë ó is in the coneof influence(COI) of ë ó ( ÿ ó ) if thereis a path(of
any kind) connectingë�� to ë ó ( ÿ ó ).

An opensystem� definesa labeledtransitionstructurein theusualway, with
states��� correspondingto thevaluationsof thevariablesin æ , andtransitionlabels
correspondingto thevaluationsof the variablesin ö . Conversely, a setof states "! �#� correspondsto a predicate

 úEæýü or
 úEæ ñ ü . Predicate

 ú�æ�ü (
 ú�æ ñ ü ) is the
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characteristicfunctionof ; expressedin termsof thecurrent(next) statevariables.
State<>=@?#A is an initial stateif it satisfiesBDCFEHG . Stateset ;JIK?LA is reachable
from stateset ;NM in O stepsif thereis a pathof length O in the labeledtransition
structuredefinedby P thatconnectssomestatein ;QM tosomestatein ; ; equivalently
if ; M CRETS:G
U VW	X�YZX*[]\ CRE Y_^�W:`:abYc` E Y G
Ud;eCFE [ G (2)

is satisfiable.Stateset ; is reachablefrom ; M if thereexists Of=@g suchthat ; is
reachablein O stepsfrom ;NM . A statesetis reachable(in O steps)if it is reachable
(in O steps)from B . Whenno confusionariseswe shall identify a state <h=i?,A
with the set j�<*k . A finite (infinite) sequenceof stateslh=b?nmA ( =o?qpA ) is a finite
(infinite) run of P if thefirst stateis initial, andeveryotherstateis reachablefrom
its predecessorin onestep.Thesetof all possiblerunsof P is the languageof P ,
denotedby rsCFPeG .

A linear-time safetyproperty t of P is a subsetof ? p A suchthat any infinite
sequenceover ?�A not in t hasafinite prefix thatcannotbeextendedto asequence
in t [AS85]. OpensystemP satisfiessafetyproperty t if rsCFPeGTIut . Checking
the satisfaction of an v -regular safetyproperty t by an opensystem P can be
reducedto the reachabilityproblemby composingP with an automatonwyx that
acceptstheinextensibleprefixesof thesequencesnotin t . Thepropertyis satisfied
by the opensystemif no stateof the composition P zfw3x that projectson an
acceptingstateof w{x is reachable.In thesequelwe restrictourselvesto v -regular
safetyproperties,andassumethat thegiven opensystemalreadyincorporatesthe
propertyautomaton.This assumption allows usto identify thepropertywith a set
of (accepting)statesof thesystem,whichwealsodenoteby t . Hence,propertyt
is satisfiedby P if thereis no O|=dg suchthat

BDCRE S G
U VW	X�YZX*[]\ CFE YZ^�W `:a Y ` E Y G
U~}�t�CFE [ G (3)

is satisfiable.An invariantis a safetypropertythat statesthat a certainpredicate
holdsof all reachablestatesof P . In this caset is thesetof statesthatsatisfythat
predicate.

Thesearchfor a O suchthat(3) is satisfiablecanobviously berestrictedto the
range j�� `�������`�� ?#A ����� k . Hence,in theory, theprocessis guaranteedto terminate.
In practice,thenumberof statesis too largeto beof any practicaluse,andtighter
upperboundsfor O aresought. In modelcheckingapproachesthat arebasedon
fixpoint computations [McM94,ABE00,WBCG00,McM02], the maximumvalue
of O is providedby thenumberof iterationsneededto reachconvergence.On the
otherhand,for algorithmsthatdirectlycheckthesatisfiabilityof (3), thediameterof
thegraph[BCCZ99] or boundsobtainedfrom thestructureof thehardwaremodel
havebeenproposed[BKA02]. Herewesummarizea methodproposedin [SSS00]
thatis of particularinterestto us.

A simplepath is one that visits a stateat mostonce. If somestatein }�t is
reachable,theremustexist a simplepathfrom aninitial stateto it thatdoesnot go
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throughany otherstatesin � or ��� . Hence,if no simplepathof length � exists
suchthatits first stateis initial andnootherstateis initial, or suchthatits final state
is in ��� andnootherstateis in ��� , then,thereis nopathof lengthgreaterthanor
equalto � connectinga statein � to a statein ��� . If in addition,thereis no path
of lengthlessthan � connecting� to ��� , then �K��b� . Two setsof states��  and �
areconnectedby a simple pathof length � in � if

¡£¢�¤ �  Z¥ ��¦��b�   ¤F§T¨ ¦ª©¬«­	®�¯_® ¢±° ¤F§ ¯Z²�­ ¥:³ ¯ ¥ § ¯ ¦´©�� ¤R§
¢ ¦´© «¨ ®�µ:¶�¯_® ¢¸·­	®*¹º®�» ¤½¼ ¯¹e¾� ¼ µ¹ ¦ (4)

is satisfiable.Checkingthe two conditionsabove thenamounts to checkingthat
eitherof thefollowing formulaeis unsatisfiable.

¡£¢5¤ � ¥À¿ ¦
© «¨ ¶�¯Z® ¢ �N� ¤R§
¯ ¦ (5)

¡£¢5¤ ¿{¥ ���H¦
© «¨ ®�¯Z¶ ¢ � ¤R§
¯ ¦ÂÁ (6)

Notethatthepredicatecorrespondingto theset ¿ is ÃÀÄRÅ�Æ .
Abstractinterpretation[CC77] providesa very flexible framework for the de-

scription of abstraction.In thispaper, however, weconsiderthefollowingrestricted
definition.OpensystemÇ�È�KÉ�Ç§ ¥´Ê ³u¥ Ç� ¥ Ç°�Ë is anabstractionof � ifÌ Ç§�Ío§

;Ì Ê ³ Í ³ suchthat
¼ ¯8Î Ç§ implies Ï ¯8Î Ê³ ;Ì Ç� ¤ Ç§ ¦��bÐ ¤R§ÒÑ Ç§ ¦�Á´� ¤R§ ¦ ;Ì Ç° ¤ Ç§ ¥ÀÊ³�¥ Ç§  º¦Q�oÐ ¤R§ÒÑ Ç§ ¦�ÁÀÐ ¤ ³ Ñ Ê ³ ¦�ÁÓÐ ¤R§   Ñ Ç§  º¦�Á ° ¤R§ ¥:³f¥ §  Ô¦ .

(Note that Ï ¯ is the combinational variableassociatedto
¼  ¯ .) Property Ç� is the

abstractionof property� with respectto Ç� if Ç� ¤ Ç§ ¦��bÐ ¤R§�Ñ Ç§ ¦�ÁÓ� ¤R§ ¦ . If � is anÕ -regular setand Ç� satisfies(or models) Ç� , then � satisfies� . Thatis,

Ç�i� ��Ç�×Ö �Ø���� Á (7)

This preservation result is the basisfor the following abstractionrefinementap-
proachto the verification of � . One startswith a coarseabstractionÇ� ¨ of the
concreteopensystem� andcheckswhether Ç� ¨ � � Ç� ¨ . If that is the case,then�Ø��o� ; otherwise,thereexists a least �0  ÎdÙ suchthat

Ç� ¤ Ç§T¨ ¦
© «­	®�¯Z® ¢´Ú ° ¤ Ç§ ¯Z²�­ ¥ Ê ³ ¯ ¥ Ç§ ¯ ¦
©~� Ç� ¤ Ç§
¢ Ú ¦ (8)

is satisfiable. The satisfyingassignmentsto (8) are the shortest-length abstract
counterexamples(ACEs). If Ç� ¨ ¾� � Ç� ¨ oneor moreACEs are checked for con-
cretization. Thatis,onecheckswhether(3) hassolutionsthatagreewith theACE(s)
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beingchecked.Becauseof theadditionalconstraintsprovidedby theACEs,acon-
cretizationtestis oftenlessexpensive thatthesatisfiability checkof (3). However,
its failure only indicatesthat the abstracterror tracesarespurious. Therefore,if
the concretizationtestfails, onechoosesa refinedabstractionèé�ê andrepeatsthe
process,until oneof thesecasesoccurs.

(i) èé£ëQì í èî ë for someï , in whichcase
éiìí î

is inferred.

(ii) The concretizationtestpassesfor someï , in which caseit is concludedthatéñðì í î
andthesatisfying assignmentfoundis returnedascounterexample toî

.

(iii) Therefinementeventually producesèé£ë�íJé . In this final case,thesatisfiabil-
ity checkof (8) answersthemodelcheckingquestion conclusively. This is an
undesirableoutcomebecausethepurposeof abstractionis defeated.

Whentherefinementèé£ëºòDê of èé£ë is chosenwith thehelpof theinformationprovided
by the failed concretizationtest,one talks of counterexample-guidedabstraction
refinement.

Theconeof influence(directsupport)of apropertyis theunionof theconesof
influence(directsupports)of all thevariablesmentionedin theproperty. Cone-of-
influencereductionrefersto theabstractionin which èó is theCOI of theproperty.
It is commonly appliedbeforeany modelcheckingis attempted,becauseit satisfies

èéiì í èî×ô éØìí î õ
(9)

3 Algorithm

Our algorithmis shown in Fig. 3. Initially, an abstractmodel èé is computedby
collectingonly thestatevariables(calledlatcheshenceforth)in thedirectsupport
of the property

î
. The algorithmthenprogressively increasesö from its initial

value0 until eithera counterexampleof length ö is found in theconcretesystemé
, or it is concludedthat no counterexampleexists in thecurrentabstractmodel.

If at somepoint, the abstractmodelbecomestheconcretemodel,theendgameis
executedasdescribedin Lines14–19.

Lines 3–13verify the abstractmodels. First, (5) and (6) are checked to see
whetherthesimplepathconditionsaremet. If eitheroneis unsatisfiable,theprop-
erty holds,andthealgorithmterminates.Otherwise,thealgorithmcheckswhether
thereis acounterexampleof length ö in theabstractmodel,by checking(3) on èé ; if
thereis no length-ö abstractcounterexample,thereis nocounterexampleof length
up to ö in theconcretemodeleither. (This is becauseevery abstractmodelsimu-
latestheconcretemodel;hence,if thereis a realcounterexampleof length öø÷Dùoö
in the concretemodel,theremustbe a correspondingabstractcounterexampleof
length ö�÷ ÷#ùúöN÷ . Sincethe counterexamplelength is increasedin incrementsof
one,we would have found this counterexamplebefore.) Sincethereis no coun-
terexample of lengthup to ö (in eithertheabstractmodelor theconcretemodel),ö is increasedby one.Ontheotherhand,if thereis anabstractcounterexamplesof

8
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booleanPURESAT( � , � ) �
1 � = 0;
2 �� = CREATEI NITIALABSTRACTION( � , � );
3 while ( ����� � ) �
4 if ( � CHECKSIMPLEPATH( �� , � , � ))
5 return TRUE;
6 if (EXISTCEX( �� , � , � )) �
7 if (EXISTCEX( � , � , � ))
8 return FALSE;
9 refinement= GETREFINEMENTFROMCA( � , �� , � , � );
10 �� = ADDREFINEMENTTOABSMODEL( �� , refinement);
11 �
12 � � ����� ;
13 �
14 while (CHECKSIMPLEPATH( � , � , � )) �
15 if (EXISTCEX( � , � , � ))
16 return FALSE;
17 � � ����� ;
18 �
19 return TRUE;
�

Fig. 3. ThePureSAT algorithm

setGETREFINEMENTFROMCA( � , �� , � , � ) �
nsVarSet= GETNEXTSTATEVARSFROMCDG( � , � , � );
sufficient= � ;
while (sufficientdoesnotkill all length-� counterexamples�

nsVarSetis notempty) �
someNsVars= PICKVARSTHRESHOLD(nsVarSet,threshold);
sufficient= sufficient � someNsVars
nsVarSet= nsVarSet someNsVars

�
RCArray= COMPUTERELATIVECORRELATIONARRAY(sufficient,� , �� );
return REFINEMENTM INIMIZATION( �� ,RCArray);

�

Fig. 4. Therefinement algorithm

length � , (3) is checkedon theconcretemodelto seeif any concretecounterexam-
pleof thesamelengthexists. If it does,thepropertyfails;otherwise,therefinement
step(Lines9–10)is executed.

Thegoalof therefinementprocedureis to find a minimal setof latchesnot in
�� which, afterbeingaddedto theabstractmodel,cankill all thecounterexamples

9
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of thelength 3 . Ourrefinementalgorithmis basedoncomputingandanalyzingthe
unsatisfiablecore [GN03,ZM03] associatedwith theproof thatthereis noconcrete
counterexample of length 3 ; hence,it is similar to theconflictanalysismethodpro-
posedin [CCK4 02]. However, ourapproachdifferssignificantlyfrom [CCK4 02]
in thefollowing aspects:

(i) Theauthorsof [CCK4 02] first identify a singlespuriousabstractcounterex-
ample(by usingBDD-basedmodelchecking),togetherwith its failureindex.
(I.e., thetime stepfrom which theACE is no longerconcretizablein thecon-
cretemodel.)A conflictdependency graphisbuilt fromtheunsatisfiableBMC
obtainedby constrainingtheconcretemodelwith thesinglespuriousACE up
to the failure index time step. The refinementset is thencomputedby ana-
lyzing the conflict dependency graph. In our algorithm, however, we do not
usea singleabstractcounterexampleto constraintheBMC instance(andwe
do not computethe failure index). Rather, an unconstrainedBMC instance
(on theconcretemodel,for pathlengthup to 3 ) is usedfor theconcretization
test;sucha BMC instancecoversall the possible length-3 spuriousabstract
counterexamples.

(ii) In [CCK4 02], the invisible latches(thosenot currentlyin 56 ) areaddedto the
refinementsetif their correspondingliteralsat thefailureindex time stepap-
pearin theconflictdependency graph.In ouralgorithm, all theliterals(which
correspondto eitherlatchesor internallogic gatesat differenttime steps)ap-
pearingin the unsatisfiablecore are recordedin the SAT solver. However,
only thoseinvisible latcheswhosenext-statevariable literals(i.e., theliterals
correspondingto the input variableof a latchat a differenttime step)appear
in theunsatisfiablecoreareaddedto therefinementset. This refinementset,
whenaddedto 56 , is sufficient to kill all length-3 spuriousabstractcounterex-
amples. Our algorithmfor picking refinementvariablesis shown in Fig. 4.
The original “sufficient set” (i.e., nsVarSetin the pseudocode)may or may
notbeminimal; hence,refinementminimizationisusedtogetrid of theredun-
dantlatchesin therefinementsetbeforethefunctionreturns.In somecases,
thenumberof redundantinvisible latchesin nsVarSetmaybetoo large,caus-
ing REFINEMENTM INIMIZATION to spendtoo muchtime. The while loop,
togetherwith a threshold,is usedto heuristicallygetasmaller“sufficientset”
for therefinementminimization:Eachtime,only acertainnumberof invisible
latchesarepickedfrom nsVarSet,afterwhich (3) is checkedto seeif they are
alreadysufficient.

(iii) Ourrefinementminimizationalgorithmisalsosomewhatdifferentfrom[CCK4 02].
Both methods remove redundantlatchesgreedily. Eachlatchin turn is tenta-
tively removed. If (3) remainsunsatisfiable, the remaininglatchesare still
sufficient, andthedroppedlatch is indeedredundant;otherwise,that latch is
restoredto the refinementset. In our method, the order in which invisible
latchesare removed in the minimizationprocedureis basedon the relative
correlation of eachcandidatelatchto thecurrentabstractmodel.Therelative

10



7#8%9�:(;�<�=#9+;�<�>�?	@�A�B
<�C28

correlationof an invisible latchequalstheratio of thenumberof gatesin the
COI of this latchwhich arealreadyin theabstractmodeldividedby thetotal
number of gatesin the COI of this latch. Intuitively, the larger the relative
correlationof a latch,thelargereffect it will havewhenaddedto or subtracted
from thecurrentabstractmodel.Theinvisible latchesof thecurrentsufficient
setaresortedby FunctionCOMPUTERELATIVECORRELATIONARRAY: The
onewith thesmallerrelativecorrelationis consideredof lessimportance,and
thuswill be testedfor deletionearlier. In this way, we canconcentrateon
the important invisible latchesandat thesametime keeptherefinedabstract
modelsmall.

Our approachis also relatedto the one of [MA03]. Both approachescheck
all counterexamplesof a certainlenghtat onceby a modelcheckingrun on the
concretemodel.Themaindifferencesare:

(i) We useSAT, insteadof a BDD-basedmodelchecker, for theabstractmodel.
This will give our methodan advantagein proofs that requirean abstract
modelof sizecomparableto thatof theconcreteone.

(ii) Our abstractiongrows at eachrefinement,andwe userefinementminimiza-
tion to control its size,whereastheabstractionof [MA03] is computedfrom
scratcheachtime. Refinementminimization requiresrepeatedBMC runs;
these,however, arerunsontheabstractmodel.In theexperimentsreportedin
Section4, refinementminimizationwasnever thebottleneck,andit couldbe
furtherspedupby usinganincrementalSAT solver.

4 Experimental Results

Toevaluatethetechniqueof Section3, wecomparedfouralgorithms: animplemen-
tationof theBMC [BCCZ99] algorithm, BMC extendedwith thechecksfor simple
paths[SSS00] (referredto asSSS),our PURESAT algorithm, andtheGRAB algo-
rithm of [WLJD 03], which usesbothBDDs andSAT. All the four algorithms are
implementedin VIS-2.0 [B D 96,VIS], andChaff [MMZ D 01] wasuseastheback-
endSAT solver. Theexperimentswererun underLinux on an IBM IntelliStation
with a1.7GHz Intel Pentium4 CPUand2 GB of RAM.

The comparisonwas conductedon 26 models,either from industry or from
VIS verificationbenchmarks[B D 96,VIS] exceptfor lsp. This modelwascreated
to illustratethe help BMC could get from abstraction.A simplified versionof it
appearsin Fig. 1. Sincein theconcretemodel,thelongestsimplepathis long,SSS
failedto complete,eventhoughPURESAT finishedwithin onesecond.

Theresultsareshown in Table1. Thefirst columnis thenameof themodel,the
secondcolumnindicateswhethereachpropertypassesor fails; if a propertyfails,
thenumberin this columnis the lengthof thecounterexample.The third column
gives the numberof latchesin the coneof influenceof the property. The fourth
columnlists thetime of BMC. A time in parenthesesis thetime elapsedwhenthe
processranout of memory. In our experiments, the time limit wassetto 8 hours.

11



E#F%G�H(I�J�K#G+I�J�L�M	N�O�P
J�Q2F

Table1
Experimental results. Boldfaceis usedto highlight bestCPUtimes

model pass/ latches BMC SSS PureSAT Grab

cex length in COI time time time final sz. time final sz.

lsp-p1 pass 12 R 8h R 8h 1 3 1 3

D12-p1 16 48 5 25 37 23 14 23

D23-p1 5 85 1 1 3 25 20 21

D2-p1 14 94 6 25 20 48 180 48

D14-p1 14 96 65 83 1460 80 R 8h (75)

D1-p1 9 101 1 5 11 20 9 21

D1-p2 13 101 2 12 26 23 51 23

D1-p3 15 101 3 18 32 23 56 25

I12-p1 370 119 R 8h R 8h R 8h (12) 2503 16

B-p1 pass 124 R 8h R 8h 2074 18 173 18

B-p2 17 124 150 675 247 7 93 7

B-p3 pass 124 R 8h R 8h R 8h (42) 223 43

B-p4 pass 124 R 8h (23708) R 8h (43) 393 42

D22-p1 10 140 2 10 17 132 720 132

D24-p1 9 147 7 10 2 4 1 4

D24-p2 pass 147 R 8h 16 6 8 3 8

D24-p3 pass 147 R 8h 1 4 6 20 8

D24-p4 pass 147 R 8h 1 4 6 43 8

D24-p5 pass 147 R 8h 1 4 8 3 5

M0-p1 pass 221 R 8h (2537) 2156 13 136 16

D5-p1 31 319 58 592 155 13 31 18

D18-p1 23 506 96 795 4359 160 R 8h (99)

D16-p1 8 531 10 29 31 14 92 14

D20-p1 14 562 26 101 6228 232 R 8h (69)

rcu-p1 pass 2453 R 8h (3115) 136 11 195 10

IU-p2 pass 4493 (11331) R 8h 1756 14 R 8h (6)
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Thefifth columnis thetimeof SSS;thesixthcolumnshowsthetimefor PURESAT;
theseventh columnis thenumberof latchesin thefinal abstractmodel.If thetime
is greaterthan8 hours,thenumberin parenthesesin thenext columnis thenumber
of latchesin theabstractmodelwhentime ranout. Thenext two columnsarethe
datafor GRAB. All CPUtimesarein secondsexceptwhennoted.

ThealgorithmlabeledBMC cancheckinductive invariants. However, no such
propertiesareincludedin our setof experiments. Fromthe tablewe canseethat,
in general,for passingproperties,PURESAT is betterthanbothBMC andSSS.For
failing properties,with a few exceptions,BMC is best,while PURESAT is better
than GRAB. For the largestmodel, like IU, whoseCOI contains4493 latches,
PURESAT is the only onebeingableto verify the property. Interestingly, GRAB

andPURESAT fail to finishsimilarnumbersof experiments(4 for GRAB and3 for
PURESAT). However, thetwo setsof failuresaredisjoint. This is anencouraging
signfor thedevelopmentof ahybrid algorithmthatmayswitchbetweenBDDsand
SAT for theanalysisof theabstractmodels.

ThoughPURESAT appearsto bereasonablyrobust, thereareonly threecases
in Table1 in which it managesto befastest.This is in partdueto thefact that the
implementationis still preliminary.

5 Conclusions

We have presentedanabstractionrefinementalgorithmfor modelcheckingsafety
propertiesthat usesa SAT solver assoledecisionprocedure.We have compared
this algorithmto both BMC andto an abstractionrefinementalgorithmthat uses
both BDDs and CNF SAT. The new algorithm is competitive and was the only
oneto completethe largesttestcase.Our implementation is still preliminary. We
planto investigatetheuseof anincrementalSAT solver likeSATIRE [WKS01] in
the abstractionminimization phase,which is currently the most time consuming
partof thealgorithm. We arealsointerestedin theextensionof the techniquesof
[WLJ̀ 03] to theSAT environment.This is not anentirely trivial task,sincethey
arebasedontheknowledgeof thesetsof statesatvariousdistancesalongthepaths
connectinginitial statesto errorstates.

By its very nature,the PURESAT algorithmsuffers,albeit in attenuatedform,
from thesameproblemsthatafflict thebasicprocedureusedin analyzingtheab-
stractmodels. Improvementslike thoseproposedin [McM03] may boostPURE-
SAT’s performance.More generally, the integrationwith a BDD-basedapproach
to the analysisof the abstractmodelshouldlead to a more robust andpowerful
approachto abstractionrefinement.
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